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We have studied the pseudo-orbital theory, which is based on the symmetry-adapted-cluster (SAC)
expansion of an exact wavefunction proposed previously, in comparison with the conventional open-shell
orbital theories, and applied it to the calculations of the spin densities of the first-row atoms, Li(’S), Li( P),
Be*(’S), B**(3S), B(*P), C(P), N(*S), OCP), and F(*P). We have started from the RHF reference
wavefunction and considered mainly the spin-polarization excitation operator and its self-consistency effect.
This pseudo-orbital theory corresponds to an extension of the UHF and spin-extended HF (SEHF)
theories, and yet it is free from the theoretical defects found previously for these theories. The relative
magnitudes of the calculated spin densities are predicted to be in the order of the UHF or SEHF, present,
and first-order (FO) CI in the decreasing order. This sequence has been confirmed in the calculated spin
densities for the first-row atoms. For the three-electron atoms the present theory gives an excellent
agreement with experiment, and for boron through fluorine the present results are fairly better than those
of the UHF and SEHF theories and reasonable within the orbital theoretic approach. The calculated
energies are also satisfactory when the angular correlation is included within the pseudo-orbital theory.

. INTRODUCTION

Spin density distributions in atoms and molecules are
observed in various fields of magnetic resonance experi-
ments (e.g., ESR, NMR, Mbéssbauer, etc.) as hyper-
fine splitting constants.! They offer important informa-
tions concerning electronic structures, molecular geom-
etries, the nature of molecular motions and interactions,
etc.! However, on the theoretical side, the convenient
orbital theories such as the unrestricted Hartree—-Fock
(UHF) theory,? the spin-projected® (or spin-annihilated)*
UHF theory, and the spin-extended HF (SEHF) theory®
(or the GF theory after Goddard)® are poor for the de-
scriptions of spin density.™!!" The UHF wavefunction
does not represent a pure spin symmetry,s and the spin-
projected UHF wavefunction does not correspond to a
variational energy minimum. Although the SEHF theory
satisfies both of these requirements,® the calculated spin
densities were usually too large to compare with the ex-
perimental values™® (for boron through fluorine the cal-
culated values are almost twice as large as the experi-
mental values),7 and the calculated correlation energies
were also very poor."'9 On the other hand, the first-
order (FO) CI theory including spin-polarization function
gives spin densities which are smaller than the experi-
mental values.!®!> We hope to develop a convenient the-
ory which is easy enough for routine calculations in ex-
perimental laboratories and yet gives reliable spin den-
sities.

Previously,!”!! we have analyzed the UHF, spin-pro-
jected UHF, and SEHF theories expanding their wave-
functions in the limited CI forms starting from the re-
stricted HF (RHF)'® reference wavefunction. The analy-
sis has clarified the reason why these orbital theories
are inadequate for both spin density and correlation en-
ergy of open-shell systems. Though these theories

2)This paper also corresponds to Paper I of the series “On

the orbital theories in the spin-correlation problems,” Pa-
pers I and II are given in Refs, 11(a) and 10, respectively,
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were intended to include both of the spin-correlation
and “alternant” (or “DODS—different orbitals for differ-
ent spins”-type) electron-correlation effects, it was
done within a limited freedom of the theories, so that
these two effects interfere each other through varia-
tional processes and poor answers result for both prop-
erties.!® As remarked previously,'* such interference
arises from the unphysical nature of the self-consis-
tency terms included in these theories. !°

Goddard'® has reported that the correlation energies
calculated by the SEHF theory for He('S), Li(S), and
Be(!S) were 39%, 0.2%, and 15% of the total correlation
energies. Similar trends were also found for the other
two-, three-, and four-electron atoms.!® The correla-
tion energies calculated for boron through fluorine
(which are open-shell atoms) were also very poor.” In
these examples, the remarkably poor results for the
open-shell atoms would be attributed to the above inter-
ference between the spin-correlation and alternant elec-
tron-correlation effects. For closed-shell systems, the
spin correlation does not exist and then the above inter-
ference does not occur, so that the SEHF theory can
reasonably accommodate the alternant correlation effect
within an orbital theoretic framework.’ This is not true,
however, for open-shell systems.

On the basis of the above analysis, we have suggested
some ways to eliminate such difficulties of these open-
shell orbital theories.!® The best way is of course to
adopt a theory which includes sufficient freedom for the
description of both spin correlation and electron corre-
lation. Within an orbital theoretic framework, the spin-
optimized HF (SOHF) theory!® is promising in reference
to the spin densities calculated for simpler atoms.!®®
Previously, we adopted multiconfiguration (MC) SCF
theory as such an approach and obtained satisfactory
results for Li(3S, °P) and N(4S).!” So far, the Brueckner—
Goldstone-type many-body perturbation theory reported
by Kelly,!® Das and co-workers,!® and Hata,? and the
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Bethe-Goldstone-type theory reported by Nesbet?! have
given the best agreement with the experimental spin
densities. These authors have discussed the (important)
effect of electron correlation on the calculated spin den-
sities. On the other hand, Platas and Schaefer?® have
shown for N(4S) that the pair correlations have large
canceling effects on the spin density and the net effect

is quite small. From a practical point of view, these
theories are much more difficult for applications than
the theories mentioned above and are not suitable for
routine calculations of spin densities in experimental
laboratories.

Another, simpler way of eliminating the above-men-
tioned difficulty of the conventional orbital theory is to
consider an extension of orbital theory in such a way
that it includes effectively only one of the spin-correla-
tion and alternant electron-correlation effects so that
the theory is free from the interference.!® In the pres-
ent paper we consider such an extension of orbital theo-
ry that includes effectively only the spin-correlation ef-
fect. We will adopt the symmetry-adapted-cluster
(SAC) expansion formalism given in the previous paper.“
The SAC expansion is suitable for open-shell systems
and represents a pure symmetry under consideration.

It includes the self-consistency effect of the symmetry-
adapted excitation operators in a correct way in contrast
to the conventional cluster expansion theories and the
conventional open-shell orbital theories (e.g., the UHF
and SEHF theories).“ We have referred to the exten-
sion of open-shell orbital theory in the SAC expansion
formula as the pseudo-orbital theory,'%?® and some pre-
liminary results have been published recently.? Al-
though the influence of electron correlation on spin den-
sity might not be small,'®=?! we will neglect it in the
present calculations. We will, rather, include angular
correlation effect within an orbital theoretic framework.
We want to see in this study what extent we can get with-
in a simple orbital ~theoretic approach.

Lastly, we note that when we want to calculate only
the correlation energy of open-shell systems within a
simple orbital-theoretic framework, it is suggested
that the term representing the spin-correlation effect
be eliminated from the conventional theory (e.g., the
~ SEHF theory). Such a procedure would eliminate the
above-mentioned interference and then would give rea-
sonable correlation energy even for open-shell systems.
There the situation would be similar to the SEHF theory
for closed-shell systems.!® This procedure is analogous
to the elimination of the “stability dilemma” reported
separately for closed-shell orbital theories.? Of
course, from such a wavefunction we cannot expect any
reasonable spin-dependent properties.

In the next section we outline the pseudo-orbital theo-
ry based on the SAC expansion.!¥ In Sec. III we first
summarize the present method of calculation of spin
density, and then analyze the spin correlation included
in the pseudo-orbital theory in comparison with the pre-
vious analysis!® for the FOCI, UHF, and SEHF theories.
In Sec. IV we give the results of the calculations for the
energies and spin densities of the first-row atoms and

H. Nakatsuji and K. Hirao: Pseudo-orbital theory

compare them with the previous results. The conclu-
sion of the present study is given in Sec. V.

Il. PSEUDO-ORBITAL THEORY BASED ON THE SAC
EXPANSION

In the previous paper!! we proposed the symmetry-
adapted-cluster (SAC) expansion of an exact wavefunc-
tion. It is constructed from the generators of the sym-
metry-adapted excited configurations having the symme-
try under consideration and includes their higher-order
and self-consistency effects. It is different from the
conventional cluster expansions in several important
points and is suitable for applications to open-shell sys-
tems. Further, it has been shown that the open-shell
orbital theories can be extended in several ways in the
SAC expansion formulas (the pseudo-orbital theory). It
is based on the fact that the cluster expansion formalism
completely includes the self-consistency effect of orbit-
als. %% As such examples, we have shown that the
open-shell UHF and SEHF theories can be expressed
equivalently in the conventional cluster expansion for-
mulas.

In the pseudo-orbital theory, we consider only the
single excitation operators in the SAC expansion formu-
la, i.e.,

$po=0 exp(S()))@,
A - 1
= [1+Sm+o (%s%,,+3—13§,)+ .- )] &, (1)

where the operators 3(1, is expanded by the symmetry-
adapted single excitation operators S;M as

f
Siy= 2 Z Coy,iSay,4
51

=ZI: C:S; . @

Here we have used the same notation as in the previous
paper.“ As a reference wavefunction ,, we choose
here the RHF wavefunction'®

o=ll¢1apsB - ¢ra¢,B* 9,00, BP0 - Ppa - @yall.
®)

We use the indices k, k' for doubly occupied orbitals;
m, m' for singly occupied orbitals; and ¢, ¢’ for unoccu-
pied orbitals. Our system has s unpaired « spins, i.e.,

s=p-q. (4)
The variational equation for the pseudo-orbital wave-
function is given by the following Brillouin-like equation,

<‘I’pol (H-E)S;l‘l’;o>=0: (5)
for all the excitation operators S; included in the wave-
function (1). Here &po is given by

®ho=expB1))@, (6)

which do not have the projection operator © in front of
the unlinked terms.

For the present system, we have the following spin-
symmetry-adapted single-excitation operators. For the
excitations from the orbital &£ to ¢, we have s+ 1 excita-
tion operators
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86, th = (a;aaka + a;BakB)/ﬁ ’ (7)

+ +
St. th=sP,th

1/2
=(s+2)12 [(%) (@} 4 Qpe — @lpars)

2\, g~
+<§) Aialrs Zamﬂama ’ @®)

msq+

S, = [rir- 1)]-1/2‘1:(1%5

»
X[ Z: a:nﬂama - (7+ l)aZp-r*l)Ba(p-ni)a] 2srss.

m=p-r+2
(9)
For the excitations from the orbital m to {, we have
53, tm = a;aama ) (10)
and for the excitations from k to m, we have
S0, mk = Ampys - (11)

The operators given by Egs. (7), (10), and (11) are re-
ferred to as the singlet-type excitation operators, and
that given by Eq. (8) as the spin-polarization excitation
operator. When the system has an additional space’
symmetry, we have to take such space symmetry into
account for some types of excitation operators. For
atoms, for instance, we can include the angular corre-
lation effect by considering such symmetry-adapted ex-
citation operators (e.g., s-d excitations given below).
These excitation operators generate the singly excited
configurations having the symmetry under consideration
on applying to the reference wavefunction &,. The sym-
metry projection operator © in Eq. (1) then affects only
the unlinked terms and projects from them the symme-
try-adapted higher-excited configurations. Therefore,
the pseudo-orbital wavefunction belongs to the pure sym-
metry under consideration. For the spin symmetry, the
spin-projection operator o, is given by?®

’ !
0,= sz-s_(.s_ﬂ)] ,
s ,LI,)[ 2\2

where 82 is the spin-squared operator. All of the exci-
tation operators given above satisfy the following com-
mutation relations (quasiboson relations):

[SF,S}]=0, [SI’SJ]ZO,

12)

(S1,S5]| @) =814 |‘I’o> . (13b)

Thus the configurations |&,) and S;| &) in the expansion
(1) are mutually orthonormal. The exponentials of the
excitation operators given by Eqs. (7)-(11) terminate at
lower orders in the sense that

exp(;; Co, e Sa,u)= It;[ (1+Co, xS0, 12

12 + 4
-3Cq, 120t B160a Brs) >
+
exp (; Cp,:S», tk)

1 s 2
+ 1 .+
= I} (1 +Cp,Sp,ext 25+2 5C>, 1#0ta 0188l | »

(14b)

(14a)

(13a) -
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exP(tZ‘t C,,te S:. tk) = It;I 1+ c,, tks;, ) (14c)
(L ComSim)= [L0+ComSim), (140

tm tm
exp( 3 ComSims) = [T 4+ ComiSim). (180)
m mk

In Eqs. (14a) and (14b) the operator a;,a;sa,,a,s gener-
ates the pair excitation from the orbital & to ¢. It repre-
sents an important part of the self-consistency effect.

The most general pseudo-orbital wavefunction within
the framework of this section'is obtained by including
all of the excitation operators given by Eqs. (7)-(11) in
the expansion (1), i.e.,

®po1=0 exp( Z; ; Co, xS, tx
+ Z CO, tm 35. tm + 2 Co,m» Sa.mh) 4)0 .
tm m

For the calculations of spin-dependent properties, an
interesting pseudo-orbital wavefunction is given by

(15)

®po2=0 e'xp(; Co, xS0, tx + ; Cr,txSh,ta

+ tz Co, tm S0, tm + z; Co,ms&m)@o . (16)
m m

This wavefunction corresponds to an extension of the
UHF and SEHF theories, which are written equivalently
in the conventional cluster expansion forms as!4

‘I’UHF=919XP(‘Z,‘ Co,txSt, tn + ; Cr, ST, 1

+ ’2 C(,),tmsa.tm"' Zk C(,),mhsa,mk)q’o (17)
m m

and
Sspnr = N0, exp( ; Col xSt ent ; Cr, ST, 12

+ Z: CG,’tho’,m"' Z C(l),,mksa.mh) ‘I’O ’ (18) )
m mk

respectively. The expansions (17) and (18) belong to the
conventional expansions [Egs. (2) and (24) of Ref. 14]
and are different from the SAC expansion since the op-
erator St ,, (triplet-type excitation operator) given by

S;‘,tk= (@aaro — a;BakB)/ﬁ (19)

does not satisfy the spin-symmetry requirement for the

" present system. This is the origin of the theoretical

defects of the UHF and SEHF theories!® !¢ mentioned in
the Introduction. In the pseudo-orbital wavefunction (16)
this point is improved by replacing Sz, ., with the spin-
adapted spin-polarization operator S3 ;.. Because of
this improvement the present theory is free from such
defect, as shown later in Sec. IIl. The pseudo-orbital
wavefunction (16) satisfies, after variation, the Bril-
louin-like relation (5) for the four types of operators
S, tas S0,tx0 S0,tm» So,me- HOWever, among these oper-
ators, the contributions of the singlet-type operators
S3,tes So,¢m> and S5 ,,, would be small since the RHF
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wavefunction &, satisfies the Brillouin theorem for these
excitations. Then, we may neglect these excitation op-
erators and obtain a simpler pseudo-orbital wavefunc-
tion

®po3=0 exp(; Cp, :»S}, n) ® .

In comparison with the wavefunction &4, given by Eq.
(16), this wavefunction neglects the coupling effect be-
tween the spin-polarization and singlet-type operators.
Since the RHF wavefunction &, does not satisfy the Bril-
louin theorem for the spin-polarization excitations Sp ,;,
which is of primary importance for the spin-dependent
properties, it would be important for spin-density cal-

(20)

culations to include the effect of this excitation operators

self-consistently with the use of the SAC expansion for-
malism. (The CI formalism cannot include the self-
consistency effect.) The pseudo-orbital wavefunction
®po3 given by Eq. (20) constitutes the first approxima-
tion to such approach. Since spin density is a one-elec-
tron property, we may expect a reasonable result within
such an orbital theoretic approach. In the present cal-
culations we have mostly used the wavefunction &p03
given by Eq. (20). We have also examined the coupling
effect between the spin-polarization and singlet-type ex-
citation operators with the use of the wavefunction &0,
given by Eq. (16). Such coupling effect has been con-
firmed to be small, as shown in Sec. IV.

In going from the pseudo-orbital wavefunction ®po4
given by Eq. (15) to the &0, given by Eq. (16), we have
neglected the effect of the excitation operators S; ,, (2
<7 <s) which appear for the higher spin-multiplet
states. For these excitations the integrals appearing
in the Brillouin theorem become

@0 | HS;, 14| ®0) |
=[rlr = D]V -1X(p -7+ DE|t(p -+ 1))

- ‘f. (mk|tm)],

Mmup=r+2

(21)

where the electron repulsion integral (mk|tm) is defined
by (¢n(1)¢,(2)11/751¢0,(1)¢,,(2)). For the systems in
which all of the unpaired electrons lie in degenerate or-
bitals, the integrals (mk|tm) are the same independent
of m, so that the integral given by Eq. (21) vanishes
identically. Namely, for such systems the reference
wavefunction @, apparently satisfies the Brillouin theo-
rem for the excitations S, ., 80 that the effects of these
excitation operators are expected to be small. The
first-row atoms studied in this paper are just such sys-
tems. Moreover, the first-order corrections to the or-
bitals due to these excitations are zero because these
excitations are composed of the two simultaneous ele-
mentary excitations (real excitation and spin flip).
Therefore, we have neglected the effects of these excita-
tions in the present calculations.

Lastly we want to give a remark on the pseudo-orbital
theory in comparison with the conventional orbital theo-
ry. For closed-shell systems all of the pseudo-orbital
wavefunctions given above reduce to

Sppr=N exp( ; Co, 5o, u){’o ’

(22)
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which can be retransformed into the closed-shell RHF
wavefunction

Srur=1PP1 -+ Yudp- - - w.@. [ (23)

as shown by Thouless. ?* For open-shell systems, how-
ever, the pseudo-orbital wavefunctions can not neces-
sarily be retransformed into a compact single deter-
minantal forms,? although the UHF and SEHF wave-
functions given by Egs. (17) and (18) can of course be
retransformed into the more familiar single determi-
nantal forms'
Bynr=l 0§0L- - QF@R - Q2P 0% - 02,
(24)
gwg... il):llf;ll):q'“ e e 4,‘;” .
. (25)
This is why we have referred to the present theory as
pseudo-orbital theory.

Bsenr =0, Il Y394 - - -

I1l. SPIN CORRELATION INCLUDED IN THE

. PSEUDO-ORBITAL THEORY

In this section, we first summarize the method of ¢al-
culations of the pseudo-orbital wavefunction and the as-
sociated spin density. We adopt the linear approxima-
tion to the variational equation (5).1 Then, we analyze
the spin correlation included in the pseudo-orbital theo-
ry in comparison with the previous analysis for the
first-order CI (FOCI), UHF, and SEHF theories.!" The
analysis' will show the relative order of magnitudes of
the spin densities calculated by these various theories
and that the present theory is free from the theoretical
defect found previously!’ for the UHF and SEHF theories.

A. Calculations of spin deniity

For the present orbital-theoretic approach, the RHF
wavefunction can be considered to be a reasonably good
starting wavefunction. Then we adopt the linear ap-
proximation to the variational ‘equation (5) for the de-
termination of the pseudo-orbital wavefunctions given
by Eqgs. (16) and (20). In this approximation only a sin-
gle diagonalization is required and the effect of the pro-
jection operator does not appea.r.“ In the present calcu-
lation we have started from Eq. .(38) of the previous
paper (Ref. 14),*"i.e.,

(| HS;|0) + Z,: c,(0|s, HS;|0)

+{(0|HS;S3|0) = Eg8,,)=0, (26)

where |0) denotes |&,) and Eg={0/H|0). Then the re-
quired diagonalization is given by

UTA+B)U=D, 27
where the matrices A and B are given by
A=(0|8H8'[0), B=(0|H(8")"8*|0), (28)

where 8*'= (S}, ..., S}, ...) and S} represent the excita-
tion operators included in Eqs. (16) and (20). Using the
diagonal transformation U, we define new sets of ex-
citation operators and coefficients by

R'=8'U, C'=UTC. (29)
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Then, the pseudo-orbital wavefunction is solved at once
as

$po=I (1 +Zc;R;) |0y, (30a)
1
C;=(0|HR;|0)/(E,- D)), (30b).
where 7 is the normalization factor given by
-1/2
= (1+ Zc;‘-‘) . (30c)
T

In this approximation the energy of the system is given
py !4

E=E,+ Z:(OIHR}IO)(OIR,HIO)/(Eo—Dr), (31)

which has a sum-over-state form familiar in the per-
turbation theory.28

In the linear approximation given above, the self-con-
sistency effect of the excitation operator is included
through the B matrix defined by Eq. (28). The A ma-
trix represents the Hamiltonian matrix between the ex-
cited configurations, which also appears in the conven-
tional CI theory., For the analysis given later it is con-
venient to divide the elements of the diagonal matrix D
into these two contributions, i.e.,

D,=F,;+K}, (32a)
where .

F;={0|R,HR}|0)= (UTAU),, , (32b)

Ki=(0|HR;R;|0)= (UBU),, . (32¢c)

F, represents the energy of the state R;|0) and the inte-
gral K; was referred to previously?® as the generalized
exchange integral since it is of the order of magnitude
of the usual exchange repulsion integral, except for the
sign which depends on the nature of the excitation.

With the use of these quantities, the coefficient C; given
by Eq. (30b) is written as

C;=(0|HR; -F;-K}). (33)

In comparison with the conventional perturbation formu-
la, this expression includes the additional generalized
exchange integral,?®

From the above wavefunction, we calculate the spin
density correct to the second order in the coefficients.
Up to this order the effect of the projection operator
does not appear.!*?? From Eq. (30) we obtain the spin-
density p as

P=Pspt Psp » (34a)
psp = N0 | pt) | 0 (34b)
Psp=2 Z Ci{0|R;ptr)|0)

+ 2 CIC1 0| R, prIR}|0) (34c)

where the subscripts SD and SP mean the spin-delocal-
ization and spin-polarization contributions, respective-
ly,'*? and p(») is the spin density operator given by

p(r)=228,,6('r—'rv) . (35)

- B. Analysis of spin correlation included in the pseudo-

‘orbital theory

We now analyze the spin correlation included in the
pseudo-orbital theory and prepare some prospects be-
fore entering into the calculations.

For this purpose, we consider here the spin density
correct only to the first order in the coefficients and
adopt an approximation to replace the transformed ex-
citation operators R; with the primitive ones S%, tr-
Though this approximation is not necessarily a good one
and we do not adopt it in the actual calculations, it is
convenient for relating various theories.!%2%30 In this
approximation the integral F; given by Eq. (32b) be-
comes the energy of the singly excited spin-polarization
configuration, i.e.,

Ep,u=10 'SP,tkHS;’, th | 0), (36a)
and the generalized exchange integral K; becomes
(O1HS},1xSp, 4|0 = - =75 K » (36b)

where K,, is the ordinary exchange integral between the
orbitals k and ¢. In Eq. (36b) the unlinked operator
S# 1 is written as

s
S, teSp, ta= s+2 31505 ys (37)

where a;,a;5a,,a, is the pair excitation operator from

k to t. This unlinked operator is the one which has ap-
peared in the last term of Eq. (14b) and constitutes an
important term in the self-consistency effect of the spin-
polarization excitation operator. Thus, using the for-
mulas summarized in the preceding section, we obtain
from the pseudo-orbital wavefunction (20) the spin-po-
larization (SP) contribution to spin density, pgp, as

where we have used the following relatlons,

O|HSp, 1| 0) =~ (s +2) Z(mt|km), (39a)

1/2
©157,np00=(25) " 0,000, (39)
In Table I, we have compared the SP contribution to
spin density, pgp, of the present theory [Eq. (38)] with

those obtained previously!’ for the FOCI, UHF, and
SEHF theories in the same approximation. For the
spin-delocalization (SD) contribution pgp, all of these
theories are assumed to give the same value in the
present approximation.

As shown later, Table I gives a basis for clarifying
the relations among the spin densities of the various
theories. However, before entering into such discus-
sions, it would be important to show how the differences
in Table I among the various theories have arisen. In
the following we first discuss the origins of such differ-
ences, comparing the pseudo-orbital theory and the
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TABLE I, Approximate formulas for the.spin-polarization
contribution to spin density, pgp, for various theories.?

Theories psp
Y oSt | km)

b Lm T 7T
FOCT z; e E, 1 ab)

. 2 mimt | em)

b,c
VR 2 R/ ST R Ry O )

E (mt | bm)

SEHF® 2 ; = ‘h_ B Ter o/, 0 o)

wmimt | km)
2 Z Ep tk"Eo [s/(s +2)1 K, @) @u(7)

Present

2For the projected UHF (PUHF) theory, see Eq. (52) of the
text,

*Previous results (Ref, 10),

°The term = (1/s)}, (Kim + K, in the denominator has arisen
from the spin contamination included in the UHF theory [see
Eq. (49)].

SEHF theory, and then we discuss what Table I implies
about the relations in the spin densities of the various
theories.

As seen in Table I, the SP contribution of the SEHF
theory is different from that of the present theory only
in the prefactor of the exchange integral K,, in the de-
nominator. Previously,! this expression for the SEHF
theory has been obtained from the CI expansion analysis
of the SEHF wavefunction. In the present analysis it is
convenient to start from the cluster expansion formula
for the SEHF theory given by Eq. (18). Since the refer-
ence wavefunction @, in Eq. (18) satisfies the Brillouin
theorem for the singlet-type excitation operators, Sj .,
S, tm» and Sg .., We may neglect their contributions and
approximate the SEHF wavefunction as

@genr ~ NO, exp(, %: Cr,uST, tlz) ® , (40)
which has a form similar to the pseudo-orbital wave-
function (20). We note that the exponential of the triplet-
type operator Sy, ., is written as

exp (; Cé',, th S;', th)
= H (1+C7,wSt,
th

Here we have used the following relation for the unlinked
operator S}z. .

1A~r12 + o+
ta+ 2C7, 1405001800 Ops) - (41)

(42)

In comparison with Eq. (14b) for the spin-polarization
operator Sp 4, Eq. (41) is different in the contribution
of the pair excitation operator. [Compare also Eq. (42)
with Eq. (37).] Further, the approximation adopted in
preparing Table I corresponds to approximating the
wavefunction (40) as

+ + + +
ST, 16 ST, tr = 0108180k Wis -

Sgpur N0, (1 + Eu Cr, ST, 18

+1 Z Cr, tkafaatﬂakaahﬁ> ) (43a)
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and applying the variational principle to this expression.
In Eq. (43a) only the diagonal terms are kept in the
second-order self-consistency terms. Operating the
spin-projection operator to the rhs, we rewrite Eq.
(43a) as

Pspnr~ N (1 + E C'r,txSh, tr'

5 . Z CP,thataatBakaakB) @, (43pb)
where we have used
s 172
O, s;‘. tw®o= ( S+—2) S}' 2o » (44a)
, s \\”2 '
cP, = < ;—_,_-2) CT tk s (44b)

and the fact that the pair excited configuration
Q300,05 &) belongs to the symmetry under consid-
eration. In the same approximation the pseudo-orbital
wavefunction (20) is written as

®po3 ™ (1 + ; Cp,t:Sp, t

1 s + +
t35+2 Zh Ch, thataatBakaahB) @, (45)
where we have referred to Eqs. (14b) and (37). Thus,

in this approximation, the SEHF theory [Eq. (43b)] and
the pseudo-orbital theory [Eq. (45)] differ.only in the
prefactors of their self-consistency terms. In Table I,
the terms including the exchange integral K,, in the de-
nominators arise from the Hamiltonian matrices be-
tween the @, and these second-order self-consistency
terms (i.e., the B matrices). This is understood with
reference to Eqs. (36b) and (37). The prefactors of the
integral K,, [(s + 2)/s for SEHF and s/ (s + 2) for the
present theory] are just the prefactors in the self-con-
sistency terms-of Eqs. (43b) and (45).

Thus, the difference between the pseudo-orbital theo-
ry and the SEHF theory is attributed to the difference in
the self-consistency terms (unlinked terms) included in
these theories. Actually, this is valid without the ap-
proximations adopted in the above analysis. !4 Although
the self-consistency term of the present theory directly
represents the higher-order terms of the symmetry-
adapted spin-polarization operator S; 4, that of the
SEHF theory is the higher-order terms of the symme-
try-non-adapted (then unphysical) operator S, and
does not correspond correctly to the spin-polarization
operator Sy, in the linked term 0,y ,,&, [see Eq.
(44a)]. In other words, although the spin-projection op-
erator o, in the SEHF theory corrects the linked term,
it cannot correct the unlinked self-consistency terms.

In order to see this from a different aspect, we next

.investigate how the different self-consistency terms in

the present and SEHF theories work in the variational
process. This analysis shows that the present pseudo-
orbital theory is free from the interference between the
spin-correlation and alternant electron-correlation ef-
fects found previously for the SEHF theory.! In Table
II, we have compared the energy expressions obtained
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TABLE II. Approximate energy expressions obtained before
variation for the present and SEHF theories

s—0
(No spin
Present theory correlation)
T +
Eormet=Eo+2 2 Cp g5 O 1HSp 4 10) Zero
7
+2 ) (Cp, ) (Ep g —Ey) Zero
tk
- 2
-5 ; (Cp, 1 Koy Zero
SEHF theory
% o~ S /2 ’” +
Espnr~Eo+2(25; ) ; C¥ O IHSh 4100 Zero
2s ”
Ay ; (C% 1) (Ep i —Ey) Zero
-2 Z (CF ) Ky, Nonzero
T

before variation for the present and SEHF theories.
They are calculated from Eq. (45) for the present theory
and from Eq. (43a) for the SEHF theory. We have kept
up to second-order terms and neglected all the off-
diagonal terms in the second-order contributions.
approximation is consistent with the approximation
adopted in preparing Table I.

This

First we note that in Table II the last terms including
the exchange integral K, have arisen from the unlinked
terms and represent the self-consistency effects in-
cluded in these theories. Bearing this in mind, let us
consider the limit in which the number of unpaired
spins, s approaches zero, i.e., the singlet state or the
closed-shell limit. Then, there should be no spin cor-
relation in the system. Accordingly, in the present the-
ory, all of the three correction terms vanish identically
since the spin-polarization operator does not occur at
this limit. On the other hand, in the SEHF theory, the
last term remains nonzero even at this limit [i.e., the
coefficients (C7,,,)* remain as independent variables ]
and represents the so-called “alternant” or “DODS”
(different orbitals for different spins)-type electron-
correlation effects. Thus, for closed-shell systems
the SEHF theory includes the electron-correlation ef-
fect® in a limited way through the unlinked terms. 424
However, in open-shell systems, a problem arises for
the SEHF theory. It arises because the first correction
term including § C7, ,,(01HS},4,10), which represents
solely the spin-polarization correction, and the last
term, which represents partially the (pure) self-consis-
tency effect of the spin-polarization correction and par-
tially the alternant correlation effect as shown above,
have the common coefficients Cz,,,. Therefore, through
the variational process, these two correlation effects
will interfere with each other through the unlinked terms
so that poor answers will result for botk corrections.

If we want to calculate these two corrections simulta-
neously without such interference, we have to give more
freedom in the theory giving the independent coefficients
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for both corrections (e.g., by considering both of the
single and double excitation operators, 3(1) and 3(2, in
the SAC expansion formula).! Thus, in the SEHF theo-
ry, the unphysical nature of its unlinked self-consistency
term causes the interference between the spin correla-
tion and the alternant correlation effects. Because of
this interference, the SEHF theory gives larger spin
densities than the experimental values [as seen later in
the sequence (51)] and poor correlation energy as found
by Goddard™!® for the first-row atoms. In the present
pseudo-orbital theory, however, such interference does
not occur. The last term in Table II correctly repre-
sents the self-consistency effect of the spin-polarization
excitation operator, so that it vanishes identically at the
limit s =0.

As discussed in the previous paper,' a similar analy-
sis holds in general and shows a superiority of the SAC
expansion [Eq. (14) of Ref. 14]

¥ =0 exp()a,
=[1+§+o(%§2+3i1§3+-~->] )

over the projection of the conventional expansion [Eq.
(24) of Ref. 14]

v=0 exp(f‘)cbo .

(46)

47

The SEHF wavefunction given by Eq. (18) belongs to
this class of wavefunction.!* A similar analysis is also
possible for the conventional cluster expansion [Eq. (2)
of Ref. 14]

¥ =exp(T), . (48)
The UHF wavefunction given by Eq. (17) belongs to this
class of wavefunction. In general, for open-shell sys-
tems, only the SAC expansion (46) includes in a correct
way the higher-order and self-consistency effects of the
symmetry-adapted excitation operators, in contrast to
the conventional cluster expansions (47) and (48).1 The
expansion (48), further, has a defect in that it does not
represent in general a pure symmetry state,!

Bearing the above analyses in mind, we now discuss
what Table I implies about the relations among the spin
densities of the various theories. Table I shows that
among the various theories the approximate formulas
for the SP contribution to spin density, pgp, differ only
in the energy denominator. In comparison with the
FOCI theory, the theories belonging to the orbital theory
(the UHF, SEHF, and present theories) have additional
terms including exchange integrals. For the SEHF and
present theories these additional terms have arisen
from the self-consistency terms as shown above. For
the UHF theory the term - (1/s) 3, (K;, + K,,) has arisen
from the spin contamination included in the theory, i.e.,

Er, ;=10 |ST; tkHS;',tk|0>

=Ep, = (1/5) ) Kym+ Kns) , (49)
m

and the term.- K, has arisen from the self-consistency

term.! Since these exchange integrals are positive, we

may expect the following sequence for the calculated

spin densities of simpler atoms and molecules,s‘
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losect| < [ogEee=t| < |pSE"%| , | 87T | (50)

namely, the spin density calculated by the present theo-
ry would lie between the FOCI value and the SEHF and
UHF values. The difference between the SEHF and UHF
values has been discussed in Ref. 10. On the other
hand, many previous calculations for simpler atoms™ !
and molecules®?® have given the following sequence of
spin densities relative to the experimental (or full CI)
values, i.e.,

|lose | < o8| <[p82"" |, |oss ™| (51)

where piP!! is defined by pgiFt! = p***! — pSHF. In the
previous paper!® we have also investigated the origin
for this sequence.’! For the SEHF and UHF theories, it
is due to the interference between the spin-correlation
and alternant electron-correlation effects as analyzed
above. For the UHF theory, it is also due to the spin
contamination included in the theory. For the FOCI
theory, it is due to the neglect of the self-consistency
effect. Comparing the sequence (50) with the sequence
(51), we may expect that the present pseudo-orbital
theory would give better agreement with the experimen-
tal value than the conventional FOCI, SEHF, and UHF
theories. This is confirmed in the next section for the
calculated spin densities of the first-row atoms.

Thus, it is concluded from the above. analyses that the
proper inclusion of the self-consistency effect (repre-
sented by the higher-order unlinked terms) is quite im-
portant, since as seen in the next section the above dif-
ference in the self-consistency term causes a large dif-
ference in the calculated spin density.*! The pseudo-
orbital theory realizes this requirement in a simple
orbital -theoretic framework.

Lastly, we remark that the spin density of the spin-
projected® (or spin-annihilated)*!! UHF (PUHF) theory
is related to that of the UHF theory by!!

S
PR s T 62

Again, we have the factor s/(s+2). This relation has
been confirmed to hold to a good approximation for vari-
ous doublet and triplet radicals.!"3 It has also given a
convenient method for separating the UHF (or PUHF)
spin density into the SD and SP contributions. "%

IV. SPIN DENSITIES CALCULATED FOR FIRST-ROW
ATOMS

We have applied the pseudo-orbital theory to the cal-
culations of spin densities of the first-row atoms. Most
of the calculations were performed based on the simpler
wavefunction given by Eq. (20). The results are given
in Tables III-VII. We then examine the coupling effect
between the spin-polarization and singlet-type excitation
operators as represented by the wavefunction given by
Eq. (16). The results are given in Table VIIIL

The first-row atoms calculated in the present paper
are the three-electron atoms Li(s), Li(P), Be*(%),
and B*(S), and the atoms B(P), C(CP), N(s), 0(P),
and FCP). From the computational standpoint it is con-
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TABLE III, Energies for three-electron atoms,?

Method Li(%s) LiCP) Be*(25) B¥(%5)
RHF® —-7.432726  -17.365068  —14,27605 —-23,37599
UHF® -7.432749  —17,365076 cee cer
PUHF® —-7,432767  —17.365080 . cee
SEHF (GF) —17.432813° —7,365091¢  -14,27762¢ —-23,37632¢
SOHF —7.447565° -7,380087° —14,29162¢ —-23,38992¢
Present® —7,432780  -17.365071 -14,276217 —23,37631
exptl® —7.47807 -7.41016 -14,3208° —23,4206°

2The basis sets used in the present calculations are those de-
termined by Kaldor and Harris (Footnote b below).

*y, Kaldor and F, E. Harris, Phys. Rev, 183, 1 (1969).

°W. A. Goddard, Phys. Rev. 176, 106 (1968),

9R. C. Ladner and W. A, Goddard, J. Chem. Phys. 51, 1073
(1969).

°C. E. Moore, Natl, Bur, Stand. Circ. 467 (1949),

venient to classify these atoms into two groups, the
first one being the three-electron atoms and the second
one being B through F. For the calculations of spin
density, the three-electron atoms are much easier than
B through F. For B-F, the unpaired electrons are all
in the p orbitals so that the RHF wavefunction does not
give spin density. Their spin densities are all due to
the SP mechanism. Since these atoms have two inner
cores, 1ls and 2s orbitals, and their first-order contri-
butions are rather canceling, as is well known, 2 the cal-
culations become more difficult for B-F than for the
three-electron atoms. The secondary effects such as
the effect of d orbitals,!? the effect of electron correla-
tion,!™?? etc., can become more important for B-F than
for the three-electron atoms. (The effect of f orbitals
is known to be very small.)'»?? For this reason we have
included in the present calculations the d orbitals (i.e.,
the angular correlation effect) for B-F, but for the
three-electron atoms we have used only the sp basis.
Within the sp basis the spin-polarization operator given
by Eq. (8) is symmetry adapted, but when we include d
orbitals, the operator has to be modified for the s—~d
excitations; namely, we have added to these operators
the terms which rearrange the assignments of the un-
paired electrons among three p orbitals so that the s~d
excitation becomes symmetry adapted. Owing to the
inclusion of d orbitals, the present calculations for B—F
include angular correlation effect within the orbital the-
oretic framework. It is accommodated through the spin-
polarization excitation operators.

In Tables III and IV we have compared the energies
obtained by the present theory with the previous ones,
and in Tables V and VI we have given such comparisons
for the spin density. The results for the three-electron
atoms are given in Tables III and 'V and the results for
B through F are given in Tables IV and VI. The basis
set used in the present calculations are summarized in
the footnotes of Tables III and IV. All of the sp basis
sets used are of near Hartree—Fock limit quality.

- Table III summarizes the energies calculated for the
three-electron atoms. Since the pseudo-orbital theory
is based on the orbital theoretic idea, its energy is es-
sentially the same as those of the RHF, UHF, and SEHF
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Inclusion of

Method d orbitals B(P) cép) N¢s) oép) Fip)
RHF? No —24,52905 - 37.68861 —54,40092 —174.80935 —99.40932
UHF No? —24,52930 —37.68998 —54.40453 —-174.81394 -99,41129
Yes® -24,53313 -37,69371 . —174,81738 ~99,41478
SEHF(GF) No —24,52980 —37,69114 —54,40642 —174,81684 -99,41415
SOHF No —24, 54605 - 37,70680% —54, 42129° oee oos
CI-POL? Yes —24,55129 -37,72814 - 54,45176 —174,85571 —99,43811
CI-FO! Yes —24,58742 -37,75068 —54,45663 —174,85898 —99,43976
Present (4) No#® —-24,53014 —37,69281 -54,41041 —174,81378 -99.41073°
(B) Yes®?® —-24,55285 —37.75408 — 5452555 —174,87408 —99,43311°
©) Yes? —24,55287 —37.75410 — 54, 52557 —174,87415 -99, 43336
exptld —24.6579 —37,8558 —~54,6122 —-175,1099 —99,8059

2Basis sets used in the present calculatlons

Calculation A, sp basis given by Goddard’ except for fluorine; Calcula -

tion B, sp basis given by Goddard' plus d basis given by Schaefer et al. 12 except for fluorine, Calculation C, the ac-
curate sp basis given by Bagus and Gilbert* plus d basis given by Schaefer et al. 12
PFor fluorine we have used the following sp basis for Calculations A and B, 9.016 (1s), 10.32(3s), 6.80(3s), 4.136 (3s),
2.433(3s), 1.11(3s), 1.44(4s), 1.601(2p), 3.124(2p), 6.00(2p), 9.435(2p). (See Ref. 33.)

°The difference in the uses of Eqs. (37) and (38) of Ref. 14 is small.

- 37.75144 for CCP) and —54,51882 for N(4S) for Calculation B.
4w, A. Goddard, Phys. Rev. 182, 48 (1969).

*P. J. Hay and W. A, Goddard, Chem. Phys. Lett. 9, 356 (1971).

fy. Kaldor, Phys. Rev. A 2, 1267 (1970).
8U. Kaldor, Phys. Rev. A 1, 1586 (1970).
by, F. Schaefer, R. A. Klemm, and F. E. Harris, Phys. Rev. 176, 49 (1968).
iH, F. Schaefer, R. A. Klemm, and F. E, Harris, Phys. Rev. 181, 137 (1969).

theories.

As expected,

the effect of the spin-polariza-

includes the angular correlation effect.

The energies calculated with the former are

The present

tion operator is small for the energy. The SEHF theory
does not improve the energy for these open-shell atoms
despite that the theory is supposed to include the alter-
nant correlation effect. This is due to the interference
with the spin-correlation effect as analyzed previously.
The spin-optimized (SO) HF theory,16 which is a type of
the MC -SCF theory among independent spin functions,”
gives lower energy since it includes both spin correla-
tion and electron correlation in a more refined way than
the SEHF theory. However, since this theory does not
include the angular correlation effect, its energy ap-
proaches at best the radial limit.

The energies given in Table IV for B through F are

due to the two types of calculations. One is based on
the sp basis, and the other is based on the spd basis and

TABLE V, Spin densities for three-electron atoms, ?

calculations have been performed with both types of
basis sets.®® The relations among the energies calcu-
lated without d orbitals are similar to those seen in
Table III for the three-electron atoms. The present
results are close to the results of the RHF, UHF, and
SEHF theories. The SEHF theory does not improve the
energy of these atoms because of the interference ana-
lyzed previously. The SOHF theory gives the best re-
sults within the calculations without d orbitals. On the
other hand, we see that the effects of d orbitals are very
important for these atoms. This is most clearly seen
by comparing the present calculations A and B. In the
former we have included only the sp basis’ and in the
latter we have further added the d basis.!? In Calcula-
tion C, we have used a sp basis® different from the cal-
culations A and B but the same d basis as the calculation

RHF®

Atoms UHF® PUHF® SEHF (GF) SOHF® CI Present? exptl
Li(s) 0.1666 0,2248 0.1866 0,2406° 0.2265 0,2065° 0,2243 0.2313°
Li*P) 0.0 —0,01747 —0.00582 -0.02304° —-0.0169 —0.01402'  —0,01678 —0.01693¢
Be*(%5) 0, 7942 oo cee 1,008¢ 0,9938 e 0,9694 coe
B*(s) 2,1554 2,521¢ 2.5166 e 2,4838

2For the basis set used in the present calculations, see Footnote a of Table III,

by, Kaldor and F, E, Harris, Phys, Rev. 183, 1 (1969).
°W. A, Goddard, Phys. Rev. 176, 106 (1968).

4R, C. Ladner and W, A, Goddard, J. Chem. Phys, 51, 1073 (1969),

®A. W, Weiss, Phys, Rev. 122, 1826 (1961).
K. Ishida and H., Nakatsuji, Chem. Phys, Lett, 19, 268 (1973)
3, D. Lyons and T. P, Das, Phys. Rev. A 2, 2250 (1970),
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TABLE VI. Spin densities for boron through fluorine.?

UHF SEHF(GF) SOHF CI (with d) Present (with d)
Atoms Without d® With d° Without d Withoutd  CI-POL! CI-FO® Calculation B Calculation C  exptl®
B(P)  0.0192 0.0218  0.0362 0.0022¢ 0.0073 0.0041 0.0147 0.0132 0.0081
cép)  0.0753 0.0784  0.0733 0.0423¢ 0.0277 . 0.0288 0.0487 0. 0506
N(s)  0.1853 0.1853  0,1579 0.120° 0.0730 0.0714 0.1176 0.1206 0.09705
oCP)  0.1944 0.194 0.2137 coe 0.0610 0.0628 0.0712 0.0717 0.11398
FCP) 0.1298 0,122 0.2454 0.0470 0.0496 0.0305 0.0345 0.07184

2For the basis set used in the present calculations, see Table IV footnotes.

PW. A. Goddard, Phys. Rev. 182, 48 (1969).

°p. J. Hay and W. A, Goddard, Chem. Phys. Lett. 9, 356 (1971).

4y. Kaldor, Phys. Rev. A 2, 1267 (1970).
®U. Kaldor, Phys. Rev. A 1, 1586 (1970).

'H. F. Schaefer, R. A. Klemm, and F. E. Harris, Phys. Rev. 176, 49 (1968).
&4, F. Schaefer, R. A. Klemm, and F. E. Harris, Phys. Rev. 181, 137 (1969).

B. (The calculations B and C show that the sp basis de-
pendence is negligibly small for the energy.) We note
that the present results including angular correlations
are even lower than the SOHF results which include
radial correlation effect within the sp basis. Hay and
Goddard have reported the UHF calculations including
d orbitals.?® In their calculations the effect of d or-
bitals are relatively small. For nitrogen they have
found that the orbitals are stable for the mixing of d
orbitals. In contrast to the present results, these re-
sults are probably due to the fact that their UHF wave-
functions are the mixed states for both spin and space
symmetries. Their wavefunctions are the mixtures of
the higher-multiplet excited states into the pure ground
states.!!

Between the two types of the limited CI calculations
including d orbitals, the “polarization” CI (CI-POL)
and the “first-order” CI (CI-FO)* calculations reported
by Schaefer, Klemm, and Harris,'? the CI-POL wave-
function is closer to the FOCI wavefunction®® denoted in
the present paper. Their CI-FO wavefunction'? includes
the limited types of electron correlation®’ within up to
the valence shells (internal and semi-internal correla-
tions in the Sinanoglu’s “charge” wavefunction3!). How-
ever, neither of these wavefunctions includes the self-
consistency effect. In Table I, we see that the present
pseudo-orbital theory including d orbitals gives lower
energy than the CI-POL theory except for fluorine.3
The present results are comparable to the CI-FO re-
sults. Further, we note that the present results were
obtained with a much smaller number of independent
variables than those included in the CI-POL and CI-FO
wavefunctions. In the CI-POL wavefunction, the num-
bers of the configurations were 53, 65, 41, 77, and 65
for B, C, N, O, and F, respectively, and in the CI-FO
wavefunctions they were 153, 181, 73, 113, and 95, re-
spectively.12 In the present wavefunctions, the number
of the variables Cp, 4, in Eq. (20) were only 22 (Calcula-
tion B) and 18 (Calculation C) for all of the atoms B-F.
This clearly shows an effectiveness of the self-consis-
tency effect of the spin-polarization excitations included
in the present theory through the SAC expansion formal-
ism. Since the diagonal element of the B matrix, which
is given by Eq. (36b), increases with the increase in the
number of the unpaired spins s, the self-consistency ef-

fect is expected to increase with the increase in s. Ac-
cordingly, the lowering is largest for N (s=3) and then
for C and O (s=2), and smallest for B (s=1). Thus,
from Table IV, we may conclude that the inclusion of the
angular correlation effects and the proper inclusion of
the self-consistency effects are important for the energy
lowering of these atoms.

We next compare the spin densities calculated by the
present theory with the previous results. We first dis-
cuss the results for the three-electron atoms shown in
Table V. Although the energies of the RHF, UHF,
SEHF, and present theories within the sp basis are very
close, as seen in Table III, their spin densities are
quite different from each other. The RHF values give
the amounts of the SD contributions., For these atoms
the sequences given by (50) and (51) hold for the total
spin density since both of the SD and SP contributions
have the same sign (positive) for the 2S states and the
SD contribution is zero for the P state. In agreement
with these predicted sequences, the present results are
smaller than the UHF and SEHF values and larger than
the CI results. The present results are very close to
the experimental values: the error is 3% for Li(3S) and
0.9% for Li(®P). For these atoms, it is known that the
effect of electron correlation is small.!®"*' The Brueck-
ner—-Goldstone-type many-body theory has given
0.2297 %2 and 0. 2322 for Li(®S) and - 0. 01652 * for
Li(P), and the Bethe—Goldstone-type theory has given
-0.017082™ for Li(*P). The present results are also
very close to the results of the SOHF theory!®® despite
the fact that the SOHF theory is much more difficult in
applications than the present theory but includes the
electron correlation effect.

In Table VI, we have summarized the spin densities
for B through F. In these atoms the unpaired spins are
in the p orbitals so that the RHF theory does not give
spin density. Their spin densities are due only to the
SP mechanism. The effects of the d orbitals are known
to be very important for the spin densities of these
atoms.!» % Then, we have given in Table VI the present
results calculated with the d orbitals. The two sets of
calculations are different only in the sp basis. Further,
in Table VII we have partitioned the present results into
different contributions in order to see why the d orbitals
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TABLE VII. Approximate partitioning of the spin density into different contributions,.*®

Contributions Li(%P) B(*P) cép) N(s) o¢p) F(P)
First order
1ls—ns -0.01681 -0.0654 -0.2296 -0,5223 -0.4734 -0.3107
2s—ns voe 0.0592 0.2245 0.5416 0.4638 0.2990
Sum of above -0.01681 -0.0062 -0.0051 0.0192 -0.0036 -0.0118
Second order
1s,2s —ns, ms 0.00004 0.0027 0.0034 0.0124 0.0055 0.0034
1s,2s —nd cee 0.0192 0.0535 ‘ 0.0866 0.0688 0.0386
Mixed term eee -0.0009 -0,0031 -0,0007 0.0005 0.0003
Sum of above 0.00004 0.0209 0.0538 - 0.0984 0.0748 0.0423
Total sum -0.01678 0.0147 0.0487 0.1176 0,0712 0.0305

aC;asllculation B for boron through fluorine (see Table IV).

PThe partitioning is approximate since the excitation operators R}, in Eq. (34c) are linear combinations

of the primitive operators Sp,;;, as given by Eq. (29).

°The spin densities obtained without d orbitals (Calculation A) are B(—0,0065), C(0.0027), N(0.0443),

0(0.0139), and F(~0.0018).

are so important for these atoms. Although the first-
order contribution is dominant for Li(zP), it is very
small for B-F because of the large cancelation between
the 1s and 2s contributions. (The s—d excitations do
not directly contribute to the first-order spin density.)
Then, for B through F, the relatively small secondary
effects can become very important. Within the second-
order terms the contributions of the s —d excitations
are much more important than those of the s—~ s excita-
tions. This partitioning reconfirms the importance of
the d orbitals for the spin densities of B-F, The trend
shown in Table VII is similar to that reported by Platas
and Schaefer for N(45).22 However, we note that the ef-
fects of d orbitals on the UHF spin densities are rela-
tively small,® as seen in Table VI. Such a trend of the
UHF theory was also seen for the energies of these
atoms (Table IV).

Now we return to Table VI and compare the present
results with the previous ones including the effects of
d orbitals. In agreement with the predicted sequence
(50), the present results are always smaller than the
UHF results including d orbitals, but they are larger
than the results of the CI-POL and the CI-FO calcula-
tions, except for fluorine. Although the ‘sequence (50)
has been given for the first-order spin density, it has
actually originated from the same sequence for the coef-

ficients [C} of Eq. (30b) for the present theory].!® Then

the-same sequence as that of (50) would also hold for the
second-order spin density. The difference between the
present and the CI-POL results is attributed to the self-
consistency effect included in the present theory. Com-
paring the CI-POL values with the CI-FO values, we see
that the electron correlation of the type included addi-
tionally in the CI-FO wavefunction is relatively unimpor-
tant for the spin density. The self-consistency effect is
much more important for the spin density than this type
of electron correlation effect. Although the spin densi-
ties calculated by the SEHF theory do not include the ef-
fect of d orbitals, we may estimate the order of the ef-
fect from the UHF results calculated with and without d
orbitals. We then believe that even if dorbitals are in-:
cluded in the SEHF calculations, the resultant spin den-

sities would still be larger than the present values as
predicted by the sequence (50). It is interesting to note
that the present results are very close to the results of
the SOHF theory, despite the fact that the latter does
not include the effect of 4 orbitals but includes the elec-
tron-correlation effect. Such a trend has also been
seen in Table V for the three-electron atoms.

In comparison with the experimental values, the pres-
ent theory gives much better agreement than the UHF
and the SEHF theories within a simple orbital-theoretic
framework. This is due to the elimination of the inter-
ference between the spin-correlation and electron-cor-
relation effects. In comparison with the CI-POL and
CI-FO results, the present results may also be said to
become closer to the experimental values except for
fluorine, although the numbers of the variational param-
eters are much smaller in the present calculations than
those in the CI-POL and CI-FO calculations. For more
definite conclusions, however, we need more examples
of the present and FOCI calculations. Although the
present results still deviate to some extent from the
experimental values, the deviations are not systematic
as the UHF, SEHF, CI-POL, and CI-FO results are.
This may suggest that the present theory does not in-
clude a serious theoretical defect which may cause a
systematic error. We believe that the present pseudo-
orbital theory based on the wavefunction (20) is more
suitable than the conventional theories for the routine
calculations of the spin density in experimental labora-
tories. The present theory is simple enough in applica-
tion as required for such theory.

Lastly, we give additional data which shows that the
coupling effect between the spin-polarization operator
and the singlet-type excitation operator as included in
the pseudo-orbital wavefunction (16) is small. Among
the singlet-type excitation operators included in Eq.
(16), the operators Sj ;, and S; ., do not give any direct
contributions to the spin densities of B—F up to the sec-
ond order in the coefficients (i.e., within the present
accuracy). Then, we have examined the coupling effect
between the operators S}, + and Sj 4, with the use of the
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TABLE VIII. Coupling effect of the spin-polarization and singlet-type excitation operators on the

energies and spin densities of the first-row atoms.?

Without coupling With coupling exptl
Atoms Energy Spin density Energy ' Spin density Energy Spin density
B(P) -24,55285 0.0147 —24,55290 0.0149 —-24.6579  0.0081
c®p) - —37.75408 0.0487 —37.75419 0. 0555 - 37.8558
N(s) —54,52555 0.1176 - 54,52575 0.1204 —54.6122  0.09705
oép) —74.87408 0.0712 —-174,87414 0.0792 -75.1099  0.11398
F(p) -99,43311 0.0305 -99.43321  0.0295 —-99,8059  0,07184

3The basis sets are for Calculation B (see Table IV).

pseudo-orbital wavefunction

Ppoy=0 ( ‘zk Cp,txSp, et zﬁ; Co, xS0, tk) . (53)
We have also considered the symmetry adapted s ~d
excitations for the additional singlet-type excitation op-
erators.

In Table VIII we have compared the energies and spin
densities of B—F obtained from the wavefunction (53)
with those obtained from the wavefunction (20). We see
that the coupling effect is negligibly small for the ener-
gy and also very small for the spin density. The effect
does not account for the deviations between the calculat-
ed and experimental values, For further improvement,
the inclusion of the electron-correlation effect would be
necessary. It is interesting to study such an effect in
the SAC expansion formalism!* by considering the dou-
ble excitation operator 3(2, in addition to the pseudo-
orbital wavefunction given by Eq. (1).

V. CONCLUSION

In this paper, we have considered an application of
the symmetry-adapted-cluster (SAC) expansion proposed
previously!* to open-shell systems, limiting ourselves
to only the single excitation operator 3(1,. The pseudo-
orbital theory thus obtained gives a natural extension of
the open-shell orbital theory. Here, we have started
from the RHF reference wavefunction and considered
mainly the spin-polarization excitation operator and its
self-consistency effect. This theory corresponds to an
extension of the UHF and SEHF theories (which are
equivalent to the conventional cluster expansions includ-
ing T, alone) and yet it is free from the theoretical de-
fects found previously for these theories. It is con-
cluded that a proper inclusion of the (unlinked) self-con-
sistency effect is quite important and that the pseudo-
orbital theory realizes this requirement in a simple or-
Dbital theoretic framework, in contrast to the FOCI,
UHF, and SEHF theories. The analysis of these wave-
functions has shown the existence of the following rela-
tion for simpler atoms and molecules, i.e.,

FOCI t SEHF UHF
|20 | < | piseent| < |ofE¥T|, |08ET| ,
where pgp means the spin-polarization contribution to

spin density. This sequence has been confirmed in the
calculated spin densities for the first-row atoms.

From the applications of the pseudo-orbital theory to
the first-row atoms, it is shown that within the sp basis

the present theory gives the energy close to the conven-
tional orbital theories. However, when the angular cor-
relation effect is included with the use of the d orbitals
(this is relatively easy in the present theory than in the
conventional orbital theories), the present theory gives
considerably lower energy than the conventional theories
because of the proper inclusion of the angular correla-
tion effect through the SAC expansion formalism. For
the spin density, the present results for the three-elec-
tron atoms are excellent in comparison with the experi-
mental values, and for B through F the present results
are fairly better than those of the UHF and SEHF theo-
ries and reasonable within a simple orbital-theoretic
approach. Because of the simplicity of calculations and
the absence of theoretical defects, we think that the
present pseudo-orbital theory is more suitable than con-
ventional theories for the routine calculations of the
spin density in experimental laboratories.
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