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ABSTRACT: In a previous paper [Phys. Rev. Lett. 2004, 93, 030403.], one of the authors
introduced the scaled Schrödinger equation (SSE), g(H − E)ψ = 0 for atoms and molecules,
where the scaling function g is the positive function of the electron−nuclear (e−n) and
electron−electron (e−e) distances. The SSE is equivalent to the Schrödinger equation (SE), (H
− E)ψ = 0, that governs the chemical world but does not have the divergence difficulty that
occurs when we try to solve the SE to obtain the exact solution. The g function is essential not
only to prevent this divergence difficulty but also to obtain the exact wave function of the SE or
SSE. In paper I of this series [J. Chem. Phys. 2022, 156, 014113.], we introduced five analytical g
functions that behave correctly at both the coalescence and asymptotic regions, but we examined
them only for the e−e part. In this paper, we examine these correct g functions for both e−n and
e−e parts by applying the free complement (complete-element) (FC) theory variationally to the
He atom. However, even for the two-electron He atom, the analytical integral formulas were not
obtained when we use the correct g functions for both e−n and e−e parts, except for g = 1 −
exp(−γr), but we were able to perform variational FC calculations by employing numerical integration schemes. We examined not
only the energy and wave function but also the H-square error (defined by eq 14 of the text), energy lower bound, and e−n and e−e
cusp properties. For the energy lower bound, we applied our FC wave functions to the method proposed recently by Pollak,
Martinazzo, and others and could obtain good results. With the use of the correct-group g functions, the convergence of the FC
theory to the exact analytical solution of the SE or SSE became efficient, and the performance was particularly good with the g
functions, r/(r + 1/γ), Ei, and 1 − exp(−γr) in this order. These results were always superior to those obtained with g = r.

1. INTRODUCTION
The scaled Schrödinger equation (SSE) given by

g H E( ) 0= (1)

was proposed by one of the authors1,2 to solve the original
Schrödinger equation (SE)

H E( ) 0= (2)

exactly for atoms and molecules. In the above equations, H is
the Hamiltonian of atoms and molecules written as
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The first two terms represent the kinetic operators of
electrons and nuclei, respectively. The next three terms
represent the Coulombic potentials among the electrons and
nuclei. They diverge to plus or minus infinity when the two-
particle coalescence (or collision) occurs. In the Born−
Oppenheimer (BO) approximation, the second term of eq 3

is omitted and the last term is not a variable but a constant. In
the SSE given by eq 1, the scaling function g is the positive
function of the electron−nuclear (e−n) and electron−electron
(e−e) distances, riA and rij, respectively, as given by

1,2

g g r g r( ) ( )
i A

iA iA
i j

ij ij
,

= +
< (4)

These g functions must satisfy the relations

g r V r alim ( ) ( )
r 0

=
(5)

to eliminate the singularity of the Coulombic potential V(r) in
H at the coalescence region, and a is a constant. A “reasonable”
choice often used was giA(riA) = riA, gij(rij) = rij, and gAB(rAB) =
rAB.
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The SE implies that when H is given, the SE gives the exact
wave function ψ and the exact energy E. Therefore, we may
write the exact wave function as a functional of H, namely,
ψ̃(H) (tilde means some functional). The divergence difficulty
of the variational equation of the SE is ⟨δψ̃|H − E|ψ̃⟩ = ±∞,
which always occurs because there are three V(r) in the
integrand. To prevent such a divergence, the SSE given by eq 1
was introduced.1,2 Because g is a positive function, we can
always divide eq 1 by g without affecting the solution, which
means that the solutions of the SSE must be identical to the
solutions of the SE.
The formal solution of the SSE is easily obtained through

the following formula1,2

C g H E1 ( )n n n n1 1= [ + ] (6)

which was named as the simplest iterative configuration
interaction (SICI) formula,1−5 where ψn, En, and Cn represent
the wave function, energy, and coefficients, respectively, at
order n of the iteration. We note that here in the SICI, eq 6,
the scaling function g enters into the central part, though in the
SSE, eq 1, g was like an attachment in front of the SE and
could be divided by itself without affecting the (hidden) exact
solutions we want to solve. This shows clearly how important
is the scaling function g for really solving the SE. Based on this
SICI formula eq 6, our useful theory called the free
complement (complete element) (FC) theory was formulated.
From the explicit expansion of the order n wave function on
the right-hand hand side of ψn, we collect all the independent
nondiverging analytical functions {ϕI}, and by a linear
combination of them, we describe the system as

cn
I

M

I I=
(7)

The set of analytical functions {ϕI} is called complete-
element (complement) functions (cf’s), and this theory was
called the FC theory. M is the number of the cf’s (dimension)
at order n. The mathematical transformation from eq 6, SICI
to the formula of the FC theory, eq 7, is easily coded1,2 by
using the mathematical software, Maple.6 The coefficients {cI}
are determined by the variational method or with the local
Schrödinger equation (LSE) method,7,8 the latter being a
sampling-type procedure applicable to any systems even
though the wave function includes explicit rij variables. As
the name shows, the FC formula is composed of the free
complete elements of the analytical functions {ϕI} that are the
building blocks of the exact wave function. For determining
{cI}, we may use the formula of SSE, ⟨δψ̃|g(H − E)|ψ̃⟩ = 0, or
that of the SE, ⟨δψ̃|H − E|ψ̃⟩ = 0, but the latter was usually
more quickly convergent than the former.1,2,7 The FC theory is
guaranteed to become exact as the order n of the original eq 6
increases. The chemical accuracy, higher than kcal/mol
accuracy for the absolute energy, has usually been realized at
around orders 2 or 3.
The FC theory has been proven to be a very tough, exact

methodology for solving the SE.9−16 Since 2004, this theory
has produced highly accurate solutions of the SEs of many
atoms and molecules, for example, from He10−12 and H2

13 to
simple organic and inorganic molecules.14−16 Recently, the
potential curves of all the nine valence states of the Li2
molecule were calculated with complete agreement with the
experimentally observed RKR potential curves to high

accuracy.16 These results already show the potential of the
FC theory as an exact quantum chemistry theory.
In paper I of this series,17 we have listed many candidate

functions of the scaling function and classified them into three
groups: “correct”, “reasonable”, and “approximate”. Among
them, the “correct” g functions that satisfy, in addition to the
condition of eq 5 at r → 0, the following condition

g r alim ( ) 1 or
r

=
(8)

at r → ∞ is important, where a is some constant. Namely,
when the interparticle distance r becomes very large, the SSE
must converge to the SE. As such “correct” g functions, we
considered the following five functions17

g r1 exp( )= (9a)

g
r

r 1/
=

+ (9b)

g Ei r Ei( ) ( )(1) (2) (2)= (9c)

g rarctan( )= (9d)

g rtanh( )= (9e)

where γ is a parameter related to the cusp value and Ei is the
exponential integral function. For understanding the natures of
these functions, the following Taylor expansions are useful

r r r r r r
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15

O( )3 5 6= + +
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where e in eq 10c is Napier’s constant (or Euler’s number, e =
2.718 281 828 459 045 ...). We used this digit of accuracy in
the present calculations, but for more highly accurate
calculations, we used the numbers of corresponding accuracies.
In eq 10a, we put γ = 1 for simplicity. The first three functions
include all powers of r, but the latter two include only the odd
powers of r. In paper 1 of this series,17 we examined these
functions by using them only for the two-electron gij(rij) part of
the FC calculations of the helium (He) atom and showed that
they give generally better results than the other classes of the g
functions.
In this paper, we investigate the role and the quality of each

correct g function by solving the SE of the He atom with the
variational integral method of the FC theory. We use these
correct functions for both e−n giA(riA) and e−e gij(rij)
functions. The variational analytical integration method is an
accurate reliable method but became difficult when we use the
correct g functions to both e−n and e−e parts, except for the
function given by eq 9a. But, for the small He atom, this is
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possible with the numerical integration method explained
below. This method is, however, not adequate for highly
accurate calculations like the 40 decimal-figure accuracy of the
energy as we did before by using different simpler g
functions.10−12 Thus, the purpose here is to compare the
performances of the different correct g functions given by eq 9a
in the practical calculations for the He atom and to see which
function is the best for the calculations of energies, related
properties, and some other properties. For the function g = 1 −
exp(−γr) of eq 9a, the explicit analytical integral method is
possible; such a highly accurate study is in progress18 and will
be published elsewhere in the literature.

2. THEORETICAL AND COMPUTATIONAL DETAILS
We examine here the five correct g functions of eq 9a in solving
the SE or SSE of the He atom. The initial function of the FC
theory is a simple Slater function given by19

P(1 ) e er r
0 12

A A1 2= + [ ] (11)

where P12 is the electron exchange operator and α is the orbital
exponent. We apply the FC theory starting from this initial
function. In the present case, differently from the case of g = r,
we obtain the cf’s that include the inverse powers of r like g/r,
g2/r2, etc. However, as explained in the Appendix, when we
include these functions into the FC calculations, we meet the
difficulty caused by the redundancy existing in the calculations,
namely, the cf’s gϕ and (g/r)ϕ are nearly redundant. This was
shown in Table A1 for g = 1 − exp(−γr) of eq 9a. Actually,
among the correct g functions shown in eq 9a, the function g =
r/(r + γ) is special because it satisfies the relation

g
g
r

1 = +
(12)

as easily seen, which shows that for this g function, the two
functions gϕ and (g/r)ϕ are completely redundant for any ϕ:
we must neglect the subfunction (g/r)ϕ for eliminating the
redundancy. Because of the functional similarity among the
correct functions, the relation given by eq 12 is nearly satisfied
even for other g functions given in eq 9a. This is the origin of
the redundancy difficulty caused by the g functions shown in
eq 9a. Furthermore, as shown in the Appendix, these (g/r)-
type subfunctions were not effective enough to improve the
wave function. For these reasons, we decided not to include
these (g/r)-type functions in the present calculations.
Thus, starting from the initial function given by eq 11, the

cf’s of the present FC calculations are written as

P g g g(1 ) e eI A
a

A
b c r r

12 1 2 12
I I I A A1 2= + [ ] (13)

with the non-negative integers a1, a1, and cI. We performed the
FC calculations to order n = 6, namely, aI + bI + cI ≤ 6. We
examined all 25 patterns of the combinations of the five giA and
five gij functions of eq 9a. As a reference, we also examined the
case of giA = riA and gij = rij, which is a reasonable-group
function.17 The parameters γiA and γij in the correct-group g
functions were determined by considering the electron−
nucleus (e−n) and e−e cusp values, which are −2.0 (e−n)
and 0.5 (e−e).20 For the e−n coalescence, as the orbital
exponent of ψ0 was 1.6875, γiA = 0.3125 (=2.0−1.6875) was
used. For the e−e case, γij = 0.5 was used because ψ0 does not
contain any rij term. For the Ei function (eq 9c), γiA1 = 0.1078,
γiA2 = 0.2647, γij1 = 0.1725, and γij2 = 0.2647 were used. These
values are due to the same criteria as above. We used different

orbital exponents α for the cf’s generated at different orders, α
= 1.6875, 1.5945, 1.4942, 1.5718, 1.5463, 1.5482, and 1.5569,
respectively, for n = 0, 1, 2, 3, 4, 5, and 6. They were roughly
optimized for the case giA = 1 − exp(−γiAriA) and gij = 1 −
exp(−γijrij). Interestingly, their optimal α values did not change
much, independent of the order n. On the contrary, for giA = riA
and gij = rij, their optimal α values became larger as n increases:
α = 1.687, 1.813, 1.814, 1.906, 2.038, 2.113, and 2.236,
respectively. This stability of the correct-group giA function is
due to its correct shape from near the cusp region to the
boundary region of the atom.
The coefficients {cI} of eq 7 were determined by the

variational method, whose Hamiltonian and overlap integrals
were calculated by the numerical integration method. Even for
the He atom that is expressed with only the three coordinates,
r1A, r2A and r12, we could not find the analytical integral
formulas for the overlap and Hamiltonian integrals including
the g functions given by eq 9a (except for eq 9a). Therefore,
we employed three-dimensional numerical integration schemes
available through the numerical integration package of a
Python library SciPy,18 whose core computational parts were
performed with a Fortran library QuadPack.22 This made us
possible to examine variationally all combinations of the
correct-type g functions of the FC theory applied to the He
atom. However, SciPy is available only within the double-
precision floating-point accuracy (around 15 digits), though its
computational speed was fast. For higher accuracy than double
precision, we also employed another Python library mpmath,21

which enabled multiple-precision computations, though its
computational speed was slow. We used it to check the
numerical accuracy of the above integrals to within 25 digits
precision. Then, it turned out to be unnecessary: the double
precision SciPy was shown to have enough accuracy for the
present purpose.
In the Supporting Information, we presented all the

primitive data of the present calculations using various g
functions. We also described the details of the numerical
integrations used in the present calculations. We examined the
accuracies of the integrals by comparing the numerical
integrations with the analytical ones for giA = 1 − exp(−γiAriA)
and gjA = 1 − exp(−γijrij), for which the analytical integrations
are possible in high accuracy using the schemes presented by
Harris et al.23 and by us.18 For the arithmetic evaluations in
high precision, we used the MAPLE software.6 As a
consequence, as shown in the Supporting Information, the
numerical accuracies with SciPy (around 15 digits) were
enough for the present calculations up to n = 6.
In this paper, we study the quality (exactness) of the wave

functions calculated by the FC theory through not only the
energy upper bound obtained by the present variational
treatment but also the H-square error defined below by eq 14,
the energy lower bound, and the e−n and e−e cusp values that
are very local properties.

2.1. H-Square Error. The H-square error σ2 is defined by

H E( )2 2= | | (14)

where ψ is a normalized wave function. It is important to note
that the H-square error σ2 is an absolute measure of the
exactness of the wave function ψ. It is always positive and
becomes zero only when ψ is truly exact and vice versa. So,
before, we have examined this quantity in the highly accurate
FC calculations of the He atom.11 To calculate the H-square
error, the integral over the H2 operator is necessary, but it is
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much difficult due to the existence of the square of the singular
potential operators, i.e., 1/r2. In the present study, however,
they were readily evaluated using the numerical integration
scheme, and therefore, we could use this quantity to judge the
exactness of the wave function. We performed the H-square-
error minimization at each FC order, using for E in eq 14 the
Ritz variational energy.

2.2. Energy Lower Bounds. When the exact energy of the
system is not known, the variational energy gives the upper
bound of the exact energy and therefore, if we can have an
accurate knowledge of the lower bound at the same time, it is
very helpful. When we use the variational method, the energy
upper bound is accurate because it is correct to the square of
the error included in the wave function. On the other hand, the
energy lower bounds are estimated using the H-square error
and/or the H2 matrix.11,24−28 Various methods have been
proposed since Temple24 first derived an expression of the
energy lower bound in 1928 and then by Weinstein25 in 1934.
The Weinstein method was simple and needs only σ2 of eq 14
of the target state, but the quality of this lower bound energy is
generally not good enough. The Temple’s lower bound was
generally more accurate than the Weinstein’s one but still far
from the accuracy of the energy upper bound.11−13 If the
estimate of the energy lower bound is crude, it is meaningless
for the exact-level accurate theories like the present one, as also
seen from our previous highly accurate variational study on the
He atom.11−13

Recently, Pollak and Martinazzo26 proposed an impressive
idea to produce tighter energy lower bounds than those of the
previous methods. This method was referred to as PM
method.26−28 In the PM method, one computes the eigenvalue
of the following (L + 1) × (L + 1) dimensional K (ε) matrix

K( )

0 0

0 0

0 0 L L

L
k

L
k

k

1 1

2 2

1 2
1

2

=

···
···

···

··· +
=

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz (15)

and the ground-state energy lower bound is obtained directly
from its lowest eigenvalue. In eq 15, L is a dimension of a given
function space, λk and σk

2 denote the Ritz variational energy
and the corresponding variance (H-square error), σk

2 = ⟨ψk|
H2|ψk⟩ − ⟨ψk|H|ψk⟩2 of the k-th state wave function ψk,
respectively, and σk is the positive square root of σk

2.
Furthermore, ε is a parameter that needs to satisfy the
condition λ1 < ε ≤ E1exact, where E1exact denotes the exact energy
of the first excited state in the same symmetry as the ground
state, and the best choice of ε should be ε = E1exact. If one does
not know that, the Weinstein’s or related lower bound of the
first excited state may be used for ε. The details about the strict
condition for ε were given in their original papers.26−28
The PM method may compute accurate energy lower

bounds by using functional space of the higher excited states.
This idea is related to the chemical formula theory29 proposed
from the standpoint of the exact theory.

2.3. Electron−Nucleus and Electron−Electron Cusp
Values. So far, we have studied the energy related properties.
Here, we examine how the calculated wave functions satisfy the
Kato’s cusp conditions for both the e−n and e−e

coalescences.20 The cusp values themselves are not physical
observables, but the conditions themselves are important
necessary conditions for the exact wave function to satisfy. The
Kato’s cusp values for the e−n and e−e coalescences are −2.0,
corresponding to the nuclear charge, and 0.5, respectively, for
the present ground 1S state of the He atom. These are the
lowest-order cusp values, and therefore, the following integral
forms

r r
r

e n cusp
( ) /

( )
A A

A

1 1

1
= | |

| | (16a)

r r
r

e e cusp
( ) /

( )
12 12

12
= | |

| | (16b)

could be useful and accurate, where δ is the delta function. The
purpose of the present study is to examine the qualities of the
correct set of the g functions that are closely related to the
coalescences, and the g functions themselves were introduced
by one of the authors1 to eliminate the divergence difficulties
of the SE originating from the singularities of the Coulombic
potentials included in the Hamiltonian. Therefore, the
examination of the cusp values is of special importance.
Different from the energy and the H-square error, the cusp
values are not the bounded properties. So, it is also interesting
to examine how the calculated values approach the exact
values.

3. RESULTS AND DISCUSSION
The He atom is important in quantum chemistry. Starting
from the hydrogen atom, which is solvable exactly with the SE,
the He atom is the first complex atom. For this reason, there is
a long history of the accurate calculations of the energy and the
wave function of the He atom.11−13,30−42 Starting from the
Hylleraas’s pioneering work,30 Kinoshita suggested the
importance of the negative powers of the Hylleraas’s
coordinate s = r1A + r2A.

31 Frankowski and Pekeris32 performed
the numerical calculations including the logarithm basis
function theoretically suggested by Bartlett Jr.,33 Gronwall34

and Fock.,35 Drake et al.,38 Sims and Hagstrom,39 and
Korobov et al.40,41 performed the generalized Hylleraas-like
calculations with a large number of basis functions. Schwartz
systematically performed the extremely accurate calculations
with the basis functions including the logarithm functions
constructed by his excellent intuitions.42,43 In the first paper of
the SSE, the He atom was one of the first subjects to which the
FC theory was applied and its high potentiality was revealed.1

We had also performed higher-order FC calculations and
obtained the energies accurate to over 40 significant
digits.10−12 All these calculations have been performed
variationally with the basis functions whose analytical
integrations are possible.
We perform here the FC calculations of the He atom on the

variational ground, using the numerical integration methods.
We present below the energy difference from the reference
exact energy10−12

E 2.903 724 377 034 119 598 311 a. u.exact = (17)

correct to 21 digits after the decimal point, denoted by ΔE in
kcal/mol, the H-square error as an absolute measure of the
exactness, the energy lower bound, and the e−n and e−e cusp
values and give the extensive discussions on these results.
Furthermore, in Table S1 of the Supporting Information, we
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summarized all the results of the energy, the H-square error,
and the e−n and e−e cusp values up to the FC order of n = 6
for all the combinations of the correct-group giA and gij scaling
functions shown in eq 9a, together with the results for giA = riA
and gij = rij, as a reference.

3.1. Energy Convergence to the Exact Solution of the
SE. From the variational principle, the energy value of ΔE
defined above is an important measure to judge the quality of
the different giA−gij pair. Table 1 summarizes the ΔE value for
each giA−gij pair at each order n. Table 1 also shows the ranking
of ΔE from the smallest to largest ones at each order n. As n
increases, ΔE of each giA−gij pair decreases steadily and
monotonously toward zero from above, as the variational
principle implies.
Whereas the FC theory guarantees the convergence to the

exact solution with any choice of giA and gij, the convergence
efficiency depends on each choice of giA and gij. At any order
from n = 1 to 6, the case of giA = riA and gij = rij was worst at
rank 26, compared to all the cases of the correct g functions
considered here. This implies that the asymptotic condition of
the correct g function expressed by eq 8 is significantly
important for the quality of the scaling function. Overall, the
performances of the three correct functions g = 1 − exp(−γr),
g = Ei(−γ(1) r − γ(2)) − Ei(−γ(2)), and g = r/(r + 1/γ) were
better than those of the other functions g = arctan(γr) and g =
tanh(γr) for both giA and gij, especially at higher orders.
Prominent differences between these two classes of the correct
scaling functions are seen in their Taylor expansion series given
by eq 10a; the first three functions are expanded with all
orders, r, r2, r3, r4, r5, ... but the last two ones are expanded with
only the odd ones: r, r3, r5, .... This may suggest that the last
two functions may lose the functional flexibilities in
comparison with the other three. The best giA and gij
combinations for ΔE at the order n = 1 to 6 were
n = 1, ΔE = 5.254 kcal/mol: riA/(riA + 1/γiA) and

arctan(γijrij)
n = 2, ΔE = 0.171 kcal/mol: 1 − exp(−γiAriA) and Ei(−γij1 rij

− γij2) − Ei(−γij2)
n = 3, ΔE = 0.00917 kcal/mol: Ei(−γiA1 riA − γiA2) −

Ei(−γiA2) and rij/(rij + 1/γij)
n = 4, ΔE = 0.00138 kcal/mol: riA/(riA + 1/γiA) and rij/(rij +

1/γij)
n = 5, ΔE = 0.000348 kcal/mol: Ei(−γiA1 riA − γiA2) −

Ei(−γiA2) and rij/(rij + 1/γij)
n = 6, ΔE = 0.0000461 kcal/mol: riA/(riA + 1/γiA) and rij/(rij

+ 1/γij).
Except for n = 1, the best results were obtained from the

combinations within the three functions, g = r/(r + 1/γ), g =
Ei(−γ(1)r − γ(2)) − Ei(−γ(2)), and g = 1 − exp(−γr). For giA, r/
(r + 1/γ) was best at n = 1, 4, and 6, and Ei(−γ1 r − γ2) −
Ei(−γ2) was best at n = 3, 5, and 1 − exp(−γr) at n = 3. For gij,
r/(r + 1/γ) was best four times at n = 3, 4, 5, and 6, and
Ei(−γ(1)r − γ(2)) − Ei(−γ(2)) and arctan(γr) were best at n = 2
and 1, respectively. Among others, the best performance of the
function r/(r + 1/γ), particularly for gij, was impressive.
The best three of ΔE at n = 6 were
1st, ΔE = 0.0000461 kcal/mol: riA/(riA + 1/γiA) and rij/(rij +

1/γij)
2nd, ΔE = 0.0000493 kcal/mol: Ei(−γiA1 riA − γiA2) −

Ei(−γiA2) and rij/(rij + 1/γij)
3rd, ΔE = 0.0000592 kcal/mol: riA/(riA + 1/γiA) and Ei(−γij1

rij − γij2) − Ei(−γij2).

The performance of the function g = 1 − exp(−γr) was
slightly worse than those of the other two functions, g = r/(r +
1/γ) and g = Ei(−γ(1)r − γ(2)) − Ei(−γ(2)).
Figure 1 shows the plots of ΔE on a log scale, log10(ΔE)

against the dimension M and the order n for the six patterns of

the giA and gij functions of the same functional form. The best
performance was obtained at n = 6 from giA = riA/(riA + 1/γiA)
and gij = rij/(rij + 1/γij), which was 130 times more accurate
than the case, giA = riA and gij = rij, and 63 times more accurate
than the case, tanh(γiAriA) and tanh(γijrij), and 6.6 times more
accurate than the case, arctan(γiAriA) and arctan(γijrij).
However, the performance of the combination giA = riA/(riA
+ 1/γiA) and gij = rij/(rij + 1/γij) was not the best at the orders
1, 2, and 3, but became superior at higher orders. As discussed
in Sec. II, since the function g = r/(r + 1/γ) contains
completely the g/r partner functions within its form as denoted
by eq 12, the convergence efficiency with respect to the
dimension might be better than the others.
In the Supporting Information, we showed the plots of ΔE

for all the five patterns of the giA and gij, and also of gij and giA.
3.2. H-Square Error as an Absolute Measure of the

Exactness. Table 2 summarizes the H-square errors obtained
for the giA−gij pairs at different orders n. The H-square error
minimization was done fixing the energy E in eq 14 to the Ritz
variational energy obtained above. Because the FC theory is
exact, the H-square errors also steadily and monotonously
converge (decrease) to the exact value, zero in all the giA−gij
pairs. This behavior is quite similar to that of the variational
energy E and ΔE, but the difference is that for the H-square
error, the best value is always zero, a known number, but for
the energy, the best value is definite, but not known generally.
Thus, the H-square error obtained by the integral method is an

Figure 1. Convergence of log10(ΔE) against the dimensionM (lower)
and the orders n (upper) for the six cases of the identical giA and gij
functions, where ΔE (kcal/mol) is the difference between the exact
energy given by eq 17 and the energy calculated here for the ground
state of the He atom.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.4c00263
J. Chem. Theory Comput. 2024, 20, 3749−3765

3754

https://pubs.acs.org/doi/suppl/10.1021/acs.jctc.4c00263/suppl_file/ct4c00263_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00263?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00263?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00263?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00263?fig=fig1&ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00263?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


T
ab

le
2.

H
-S
qu

ar
e
Er

ro
rs

O
bt
ai
ne

d
by

th
e
H
-S
qu

ar
e
Er

ro
rM

in
im

iz
at
io
n
U
si
ng

th
e
R
itz

V
ar
ia
tio

na
lE

ne
rg
y
of

T
ab

le
1
as

th
e
R
ef
er
en

ce
En

er
gy

E
in

Eq
14

Su
m
m
ar
iz
ed

fo
rt
he

G
ro
un

d
St
at
e
of

th
e
H
e
A
to
m

w
ith

A
ll
th
e
C
om

bi
na

tio
ns

of
th
e
C
or
re
ct
-t
yp

e
g iA

an
d
g ij

Sc
al
in
g
Fu

nc
tio

ns
an

d
th
e
A
dd

iti
on

al
C
as
e
of

g iA
=
r iA

an
d
g ij

=
r ij

g iA
g ij

n
=
1,

M
=
3a

n
=
2,

M
=
7

n
=
3,

M
=
13

n
=
4,

M
=
22

n
=
5,

M
=
34

n
=
6,

M
=
50

ra
nk

H
-s
qu
ar
e
er
ro
rb

ra
nk

H
-s
qu
ar
e
er
ro
r

ra
nk

H
-s
qu
ar
e
er
ro
r

ra
nk

H
-s
qu
ar
e
er
ro
r

ra
nk

H
-s
qu
ar
e
er
ro
r

ra
nk

H
-s
qu
ar
e
er
ro
r

1
−
ex
p(

−
γ iA

r iA
)

1
−
ex
p(

−
γ ij
r ij
)

11
0.
06
7
10
3
4

3
0.
00
8
91
1
3

9
0.
00

0
91
8
2

9
0.
00

0
27
3
2

9
0.
00

0
06
6
9

9
0.
00

0
02
3
4

r ij
/(
r ij
+
1/

γ ij
)

14
0.
07
3
85
5
9

1
0.
00
7
99
8
8

3
0.
00

0
69
3
7

5
0.
00

0
18
1
2

5
0.
00

0
04
6
3

5
0.
00

0
01
4
6

Ei
(−

γ ij
1
r ij

−
γ ij
2 )

−
Ei
(−

γ ij
2 )

12
0.
06
8
73
1
6

2
0.
00
8
15
8
3

6
0.
00

0
80
3
4

7
0.
00

0
21
0
7

7
0.
00

0
05
4
9

7
0.
00

0
01
7
7

ar
ct
an
(γ

ijr
ij)

13
0.
07
2
70
2
2

16
0.
01
2
05
1
8

19
0.
00
1
28
7
8

18
0.
00

0
43
3
5

20
0.
00

0
11
2
3

17
0.
00

0
03
8
0

ta
nh
(γ

ijr
ij)

15
0.
07
4
24
1
3

19
0.
01
2
91
0
1

20
0.
00
1
31
5
7

23
0.
00

0
59
0
2

21
0.
00

0
11
9
4

23
0.
00

0
06
8
3

(a
ve
ra
ge
)

0.
07
1
32
6
9

0.
01
0
00
6
0

0.
00
1
00
3
8

0.
00

0
33
7
7

0.
00

0
08
0
0

0.
00

0
03
2
4

r iA
/(
r iA
+
1/

γ iA
)

1
−
ex
p(

−
γ ij
r ij
)

1
0.
04
9
45
1
9

15
0.
01
1
96
5
4

8
0.
00

0
84
3
5

6
0.
00

0
20
7
4

6
0.
00

0
05
0
3

6
0.
00

0
01
5
6

r ij
/(
r ij
+
1/

γ ij
)

3
0.
05
4
33
9
0

13
0.
01
0
85
6
1

2
0.
00

0
60
1
4

1
0.
00

0
12
0
6

1
0.
00

0
03
4
5

1
0.
00

0
00
8
4

Ei
(−

γ ij
1
r ij

−
γ ij
2 )

−
Ei
(−

γ ij
2 )

2
0.
05
0
26
1
6

14
0.
01
1
09
2
7

5
0.
00

0
71
6
6

3
0.
00

0
14
6
8

3
0.
00

0
04
0
8

2
0.
00

0
01
0
7

ar
ct
an
(γ

ijr
ij)

5
0.
05
6
24
7
0

24
0.
01
5
33
0
2

16
0.
00
1
24
2
0

14
0.
00

0
37
3
5

14
0.
00

0
09
0
3

11
0.
00

0
02
8
0

ta
nh
(γ

ijr
ij)

6
0.
05
6
86
4
1

25
0.
01
6
24
0
3

21
0.
00
1
32
0
3

19
0.
00

0
52
6
4

18
0.
00

0
10
4
3

21
0.
00

0
06
1
5

(a
ve
ra
ge
)

0.
05
3
43
2
7

0.
01
3
09
6
9

0.
00

0
94
4
8

0.
00

0
27
5
0

0.
00

0
06
4
1

0.
00

0
02
4
8

Ei
(−

γ iA
1
r iA

−
γ iA
2 )

−
Ei
(−

γ iA
2 )

1
−
ex
p(

−
γ ij
r ij
)

4
0.
05
5
89
8
9

12
0.
01
0
48
4
9

7
0.
00

0
83
0
6

8
0.
00

0
22
6
8

8
0.
00

0
05
6
3

8
0.
00

0
01
8
5

r ij
/(
r ij
+
1/

γ ij
)

8
0.
06
1
56
1
6

8
0.
00
9
45
7
0

1
0.
00

0
60
1
1

2
0.
00

0
13
9
2

2
0.
00

0
03
8
6

3
0.
00

0
01
0
8

Ei
(−

γ ij
1
r ij

−
γ ij
2 )

−
Ei
(−

γ ij
2 )

7
0.
05
7
04
4
2

9
0.
00
9
66
6
4

4
0.
00

0
71
1
9

4
0.
00

0
16
6
1

4
0.
00

0
04
5
8

4
0.
00

0
01
3
3

ar
ct
an
(γ

ijr
ij)

9
0.
06
2
20
8
5

21
0.
01
3
74
3
5

14
0.
00
1
21
2
2

15
0.
00

0
38
7
3

16
0.
00

0
09
8
3

14
0.
00

0
03
1
7

ta
nh
(γ

ijr
ij)

10
0.
06
3
22
1
4

23
0.
01
4
61
8
9

18
0.
00
1
25
7
1

20
0.
00

0
54
3
7

19
0.
00

0
10
8
3

22
0.
00

0
06
3
6

(a
ve
ra
ge
)

0.
05
9
98
7
0

0.
01
1
59
4
1

0.
00

0
92
2
6

0.
00

0
29
2
6

0.
00

0
06
9
4

0.
00

0
02
7
6

ar
ct
an
(γ

iA
r iA
)

1
−
ex
p(

−
γ ij
r ij
)

17
0.
09
0
23
5
6

11
0.
00
9
92
3
7

17
0.
00
1
24
5
0

17
0.
00

0
42
8
9

17
0.
00

0
09
8
4

16
0.
00

0
03
7
1

r ij
/(
r ij
+
1/

γ ij
)

25
0.
09
8
63
3
4

6
0.
00
9
24
1
8

10
0.
00

0
99
8
7

11
0.
00

0
32
9
4

10
0.
00

0
07
0
4

10
0.
00

0
02
5
8

Ei
(−

γ ij
1
r ij

−
γ ij
2 )

−
Ei
(−

γ ij
2 )

19
0.
09
2
59
2
1

7
0.
00
9
27
0
7

13
0.
00
1
11
9
2

13
0.
00

0
36
7
0

13
0.
00

0
08
2
7

13
0.
00

0
03
0
5

ar
ct
an
(γ

ijr
ij)

21
0.
09
4
69
6
9

18
0.
01
2
89
1
0

23
0.
00
1
61
3
1

22
0.
00

0
58
3
5

23
0.
00

0
15
0
6

20
0.
00

0
05
4
9

ta
nh
(γ

ijr
ij)

23
0.
09
7
11
2
0

22
0.
01
3
82
1
9

24
0.
00
1
63
1
5

25
0.
00

0
73
0
9

25
0.
00

0
15
1
4

24
0.
00

0
08
0
4

(a
ve
ra
ge
)

0.
09
4
65
4
0

0.
01
1
02
9
8

0.
00
1
32
1
5

0.
00

0
48
7
9

0.
00

0
11
0
7

0.
00

0
04
5
7

ta
nh
(γ

iA
r iA
)

1
−
ex
p(

−
γ ij
r ij
)

16
0.
08
9
63
1
9

10
0.
00
9
79
8
0

15
0.
00
1
24
0
3

16
0.
00

0
41
6
9

15
0.
00

0
09
5
4

18
0.
00

0
03
8
2

r ij
/(
r ij
+
1/

γ ij
)

24
0.
09
8
00
0
9

4
0.
00
9
09
2
9

11
0.
00

0
99
9
1

10
0.
00

0
32
1
2

11
0.
00

0
07
1
4

12
0.
00

0
02
8
6

Ei
(−

γ ij
1
r ij

−
γ ij
2 )

−
Ei
(−

γ ij
2 )

18
0.
09
1
98
6
9

5
0.
00
9
13
4
2

12
0.
00
1
11
8
4

12
0.
00

0
35
5
8

12
0.
00

0
08
1
5

15
0.
00

0
03
2
3

ar
ct
an
(γ

ijr
ij)

20
0.
09
4
11
0
8

17
0.
01
2
78
8
2

22
0.
00
1
61
0
5

21
0.
00

0
57
1
5

22
0.
00

0
14
7
0

19
0.
00

0
05
3
9

ta
nh
(γ

ijr
ij)

22
0.
09
6
45
0
5

20
0.
01
3
69
8
9

25
0.
00
1
63
6
0

24
0.
00

0
72
5
2

24
0.
00

0
15
1
4

25
0.
00

0
08
2
5

(a
ve
ra
ge
)

0.
09
4
03
6
2

0.
01
0
90
2
4

0.
00
1
32
0
9

0.
00

0
47
8
1

0.
00

0
10
9
3

0.
00

0
04
7
1

r iA
r ij

26
0.
12
8
63
2
3

26
0.
02
2
08
8
5

26
0.
00
4
54
5
6

26
0.
00
2
04
1
8

26
0.
00

0
89
4
3

26
0.
00

0
41
9
1

a
n
an
d
M
de
no
te
th
e
or
de
r
of
th
e
FC

th
eo
ry
an
d
th
e
nu
m
be
r
of
th
e
cf
’s
(d
im
en
sio
n)
,r
es
pe
ct
iv
el
y.

b
D
efi
ne
d
by
eq
14
.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.4c00263
J. Chem. Theory Comput. 2024, 20, 3749−3765

3755

pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00263?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


absolute measure of the exactness of the wave function.
Therefore, this convergence to zero is a numerical proof of the
exactness of the theory. Although the variational energy is
calculated with possibly occurring cancelations, the H-square
error is constructed with the summation (integration) of
always positive local values of [(H − E)ψ(r)]2 at local
coordinates r, as shown in eq 14. Thus, if the H-square error
converges to zero, then all the local energy becomes identical
to the exact energy at any coordinate r of the system.
Therefore, the H-square error minimization principle is a more
stringent principle than the variational principle, for the energy,
wave function, and all the other properties. The present result,
therefore, shows that the FC theory is powerful not only for
the variational energy principle but also for the H-square error
minimization principle. Some years ago, we have shown such a
behavior for the local energy of the SE.11

Table 2 further shows the behavior of the H-square error
that is roughly similar to that of the variational energy ΔE
shown in Table 1. The worst case was always giA = riA and gij =
rij at all orders n. The performances with g = r/(r + 1/γ), g =
Ei(−γ(1)r − γ(2)) − Ei(−γ(2)), and g = 1 − exp(−γr) were
better than those with g = arctan(γr) and g = tanh(γr) for both
giA and gij, especially at higher orders. The best giA and gij
patterns of the H-square error at each order n = 1 to 6 were
n = 1, σ2 = 0.0494519: riA/(riA + 1/γiA) and 1 − exp(−γijrij)
n = 2, σ2 = 0.0079988: 1 − exp(−γiAriA) and rij/(rij + 1/γij)
n = 3, σ2 = 0.0006011: Ei(−γiA1 riA − γiA2) − Ei(−γiA2) and

rij/(rij + 1/γij)
n = 4, σ2 = 0.0001206: riA/(riA + 1/γiA) and rij/(rij + 1/γij)
n = 5, σ2 = 0.0000345: riA/(riA + 1/γiA) and rij/(rij + 1/γij)
n = 6, σ2 = 0.0000084: riA/(riA + 1/γiA) and rij/(rij + 1/γij).
This result of the H-square error minimization principle

seems to be highly accurate. The H-square error decreases
quite rapidly with increasing n, the order. The function g = r/(r
+ 1/γ) was best at n = 1, 4, 5, and 6 for giA and at n = 2, 3, 4, 5,
and 6 for gij. The good performance of this function for the H-
square error is impressive, since the H-square error is an
absolute measure of the exactness of the calculated wave
function. The other two functions, g = 1 − exp(−γr) and g =
Ei(−γ(1)r − γ(2)) − Ei(−γ(2)), appeared as a partner of the
function g = r/(r + 1/γ) at n = 1, 2, and 3. From n = 4 to 6, the
unique pair of the same g function, giA = riA/(riA + 1/γiA) and gij
= rij/(rij + 1/γij) showed always the best performance.
The best three of the H-square error at n = 6 were
1st, σ2 = 0.0000084: riA/(riA + 1/γiA) and rij/(rij + 1/γij)
2nd, σ2 = 0.0000107: riA/(riA + 1/γiA) and Ei(−γij1 rij − γij2)

− Ei(−γij2).
3rd, σ2 = 0.0000108: Ei(−γiA1 riA − γiA2) − Ei(−γiA2) and rij/

(rij + 1/γij)
This ranking was almost the same as the case of ΔE (2nd

and third was swapped), showing the secondary importance of
the Ei function. Thus, at n = 6, the best H-square error by giA =
riA/(riA + 1/γiA) and gij = rij/(rij + 1/γij) was 50 times more
precise than the worst case of giA = riA and gij = rij. In the case of
ΔE, this ratio was 130 times. This implies that the performance
of the pair, giA = riA and gij = rij, was tolerable in comparison
with those of the correct g functions, in particular, the function
g = r/(r + 1/γ).
Figure 2 shows the plots of the H-square error σ2 in a log

scale log10(σ2) against the dimension M and the order n for the
six patterns of the identical giA and gij functions. Similarly to the
ΔE case, all the plots monotonically decrease as increasing the
order n. For g = arctan(γr) and g = tanh(γr), however, the plots

look slightly bumpy, i.e., σ2 improved largely at odd n (n = 1, 3,
and 5) but slightly at even n (n = 2, 4, and 6). This behavior
may be related to the behaviors of the Taylor expansion given
by eq 10a, i.e., arctan(γr) and tanh(γr) include only the odd
powers of r. Thus, also from the performance of the H-square
error, g = arctan(γr) and g = tanh(γr) were the worst two,
though they performed much better than g = r. The three
correct g functions g = r/(r + 1/γ), g = Ei(−γ(1)r − γ(2)) −
Ei(−γ(2)), and g = 1 − exp(−γr) showed excellent perform-
ances in this order: the best one was again g = r/(r + 1/γ).

3.3. Energy Lower Bound. The FC theory is exact.
Therefore, its variational calculations lead to the highly
accurate energy lower bound. Then, if we can calculate the
upper bound energy with the similar accuracy, we can predict
the energy of the system in high accuracy. Here, we apply the
PM (Pollak and Martinazzo) theory26 for calculating the lower
bound using the various scaling functions given in eq 9a. We
used the results of the H-square errors presented above.
In Table 3, we summarized the energy upper bounds (Ritz

variational energy) of the He atom shown in the above section
and the lower bounds calculated with the PM method from the
FC wave functions of the order n = 1 to 6. We showed only the
five patterns of the identical g functions for both giA and gij,
together with the case of giA = riA and gij = rij. The energy
differences ΔE from the exact energy given in eq 7 are shown
for all the upper and lower bound energies. Note that ΔE for
the energy upper bounds should be positive and that for the
lower bounds should be negative. For the PM method, we
need the parameter ε and we employed the best possible
choice: ε = −2.145 974 046 054 417 a.u. (used in the present
calculations that is correct to 15 digits after the decimal point),
which is the reference exact energy of the excited 21S state of

Figure 2. Convergence of log10(σ2), i.e., H-square error, obtained by
the H-square error minimization using the Ritz variational energy as
the reference energy E of eq 14 against the dimension M (lower) and
the orders n (upper) for the six cases of the identical giA and gij
functions, calculated by the FC variational method for the ground
state of the He atom.
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the He atom obtained previously by the FC theory.44 It should
be correct at least up to this digit.
As seen from Table 3, the variational energy upper bound

approaches the exact energy from above closer and closer as
increasing the order n, while the energy lower bounds
approach the exact energy from below closer and closer as
increasing the order n. This is seen in all patterns of giA and gij.
Comparing the ΔE values for the upper and lower bounds, we
were impressed to see that the calculated PM’s energy lower
bounds ΔE were roughly in the same order as those of the
upper bound; the ΔE values of the calculated lower bounds
were roughly in the same order as those of the variational
energy upper bounds in many cases. Note that the ΔE value
was calculated using the exact energy of the ground state of the

He atom shown in eq 17. If the absolute values of the two
bounds are the same, their average is just the exact energy.
Looking at the whole table, the best results were obtained

again for the case of giA = riA/(riA + 1/γiA) and gij = rij/(rij + 1/
γij). This is the same result as the cases of the Ritz variational
energies and the H-square errors discussed above. In this case,
the calculated energy upper Eupper and lower bounds ElowerPM at
order n = 6 were
Eupper = −2.903 724 304 a.u. with ΔE = 0.000 046 1 kcal/

mol
ElowerPM = −2.903 724 497 a.u. with ΔE = −0.000 075 3 kcal/

mol.
Thus, we may conclude that the value ElowerPM was very

accurate with the same-order correct digits as Eupper. This

Table 3. Summary of the Energy Upper Bound (Ritz Variational Energy) and the Energy Lower Bound Based on the PM
Method Calculated by the FC Variational Method for the Ground State of the He Atom Using the Five Patterns of the Correct-
type giA and gij Scaling Functions, and the Additional Case of giA = riA and gij = rij. ΔE Is the Energy Difference from the Exact
Energy Given by Eq 17

energy upper or lower bounds n = 1, M = 3a n = 2, M = 7 n = 3, M = 13

energy (a.u.) ΔE (kcal/mol)b energy (a.u.) ΔE (kcal/mol) energy (a.u.) ΔE (kcal/mol)

giA = 1 − exp(−γiAriA), gij = 1 − exp(−γijrij)
upper −2.893 831 344 6.208 −2.903 413 787 0.195 −2.903 696 682 0.0174
lower (PM) −2.920 951 673 −10.810 −2.904 756 662 −0.648 −2.903 772 192 −0.0300

giA = riA/(riA + 1/γiA), gij = rij/(rij + 1/γij)
upper −2.894 677 458 5.677 −2.903 246 859 0.300 −2.903 697 873 0.016 6
lower (PM) −2.917 148 398 −8.424 −2.904 821 044 −0.688 −2.903 743 788 −0.012 2

giA = Ei(−γiA1 riA − γiA2 ) − Ei(−γiA2 ), gij = Ei(−γij1 rij − γij2) − Ei(−γij2)
upper −2.894 518 307 5.777 −2.903 381 851 0.215 −2.903 706 262 0.011 4
lower (PM) −2.916 985 618 −8.322 −2.904 664 391 −0.590 −2.903 754 107 −0.018 7

giA = arctan(γiAriA), gij = arctan(γijrij)
upper −2.892 510 692 7.037 −2.903 179 326 0.342 −2.903 675 510 0.030 7
lower (PM) −2.933 236 561 −18.519 −2.906 352 236 −1.649 −2.903 891 341 −0.105

giA = tanh(γiAriA), gij = tanh(γijrij)
upper −2.892 008 214 7.352 −2.903 062 405 0.415 −2.903 604 016 0.075 5
lower (PM) −2.935 127 019 −19.705 −2.906 648 259 −1.835 −2.903 814 504 −0.056 6

giA = riA, gij = rij
upper −2.889 001 272 9.239 −2.901 905 673 1.141 −2.903 525 542 0.125
lower (PM) −2.945 637 391 −26.301 −2.908 125 579 −2.762 −2.904 192 637 −0.294

energy upper or lower bounds n = 4, M = 22 n = 5, M = 34 n = 6, M = 50

energy (a.u.) ΔE (kcal/mol) energy (a.u.) ΔE (kcal/mol) energy (a.u.) ΔE (kcal/mol)

giA = 1 − exp(−γiAriA), gij = 1 − exp(−γijrij)
upper −2.903 718 938 0.003 41 −2.903 723 333 0.000 655 −2.903 724 106 0.000 170
lower (PM) −2.903 738 037 −0.008 57 −2.903 726 106 −0.001 08 −2.903 724 949 −0.000 359

giA = riA/(riA + 1/γiA), gij = rij/(rij + 1/γij)
upper −2.903 722 176 0.001 38 −2.903 723 733 0.000 404 2 −2.903 724 304 0.000 046 1
lower (PM) −2.903 727 872 −0.002 19 −2.903 724 854 −0.000 299 2 −2.903 724 497 −0.000 075 3

giA = Ei(−γiA1 riA − γiA2 ) − Ei(−γiA2 ), gij = Ei(−γij1 rij − γij2) − Ei(−γij2)
upper −2.903 721 750 0.001 65 −2.903 723 731 0.000 406 −2.903 724 275 0.000 064 2
lower (PM) −2.903 730 353 −0.003 75 −2.903 725 414 −0.000 651 −2.903 724 623 −0.000 154

giA = arctan(γiAriA), gij = arctan(γijrij)
upper −2.903 713 355 0.006 92 −2.903 722 663 0.001 08 −2.903 723 893 0.000 304
lower (PM) −2.903 766 265 −0.026 3 −2.903 731 932 −0.004 74 −2.903 726 246 −0.001 17

giA = tanh(γiAriA), gij = tanh(γijrij)
upper −2.903 693 647 0.019 3 −2.903 713 992 0.006 52 −2.903 719 758 0.002 90
lower (PM) −2.903 778 117 −0.033 7 −2.903 729 405 −0.003 16 −2.903 725 599 −0.000 767

giA = riA, gij = rij
upper −2.903 651 223 0.045 9 −2.903 698 971 0.015 9 −2.903 714 781 0.006 02
lower (PM) −2.903 866 418 −0.089 1 −2.903 767 861 −0.027 3 −2.903 739 324 −0.009 38

an and M denote the order of the FC theory and the number of the cf’s (dimension), respectively. bEnergy differences from the exact energy given
by eq 17.
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remarkable result is due to the good collaboration of the
reliable PM method and the exact FC theory. From the energy
upper and lower bounds obtained here, we can safely conclude
that the energy up to six digits after the decimal point, −2.903
724 a.u. is guaranteed to be correct.
On the other hand, the worst results were again with the

case of giA = riA and gij = rij. In this case, the calculated energy
upper and lower bounds at order n = 6 were
Eupper = −2.903 714 781 a.u. with ΔE = 0.006 02 kcal/mol
ElowerPM = −2.903 739 324 a.u. with ΔE = −0.009 38 kcal/mol
In this case, although the accuracies of Eupper and ElowerPM were

also almost same, the energy only up to four digits after the
decimal point −2.903 7 a.u. was guaranteed to be correct.
Thus, even with the exact FC theory, the use of the correct
scaling function is necessary. Among the correct scaling
functions, the functions g = r/(r + 1/γ), g = Ei(−γ(1)r − γ(2)) −
Ei(−γ(2)), and g = 1 − exp(−γr) are recommended in this
order.
Figure 3 shows the plots of the energy difference of the

energy lower bound, −ΔElower, in a log scale log10(−ΔElower)

against the dimension M for the six patterns of the identical giA
and gij functions. Although all these plots decrease monotoni-
cally as the order n increases, like in the cases of the energy
upper bound and the H-square error, only g = tanh(γr) showed
a large fluctuation. Then, g = tanh(γr) may not be a good
member of the correct g functions.

3.4. Electron−Nucleus and Electron−Electron Cusp
Properties. The cusp values are very local properties of the
wave functions under the e−n and e−e coalescence regions.
We evaluated the e−n and e−e cusp values with eqs 16a and
16b from the variational FC wave functions of the He atom at
orders n = 0 to 6. The results were summarized in Tables 4 and

5 for the e−n and e−e cusps, respectively. There, we marked
the ranking orders according to the smallness of the deviation
from the exact values, −2.0 and 0.5 for the e−n and e−e cusps,
respectively. Because they are not bounded properties, they did
not monotonically converge to their exact values as seen from
Figures 4 and 5. As seen from Tables 4 and 5 and Figures 4
and 5, the convergence was not monotonous but oscillating
from above or from below particularly for the e−e case, but the
values approached on the whole to the exact values. The e−n
values were generally more accurate than the e−e values
because the e−n coalescence favorably occurs due to the
attractive potential but the e−e coalescence is unfavorable due
to the repulsion. The amplitudes of the wave function around
the e−e coalescence are expected to be small, and therefore,
the e−e cusp values were not effectively improved by the
energy-variational procedures.
For the e−n cusp value, the worst case at all orders was seen

again for the case of giA = riA and gij = rij, except for n = 1. The
best 6 ranking of the e−n cusp values at n = 6 was
1st, e−n cusp = −1.999 962: 1 − exp(−γiAriA) and

arctan(γijrij)
2nd, e−n cusp = −1.999 843: riA/(riA + 1/γiA) and 1 −

exp(−γijrij)
3rd, e−n cusp = −2.000 217: Ei(−γiA1 riA − γiA2) −

Ei(−γiA2) and arctan(γijrij)
4th, e−n cusp = −1.999 733: riA/(riA + 1/γiA) and Ei(−γij1 rij

− γij2) − Ei(−γij2)
5th, e−n cusp = −1.999 721: riA/(riA + 1/γiA) and rij/(rij +

1/γij)
6th, e−n cusp = −1.999 695: Ei(−γiA1 riA − γiA2) −

Ei(−γiA2) and tanh(γijrij).
The readers may be surprised by the differences from the

similar rankings given before for the energetic properties.
However, because this is for the e−n cusp, −2.0, the nuclear
charge, the excellent giA functions were normal, like riA/(riA +
1/γiA), Ei(−γiA1 riA − γiA2) − Ei(−γiA2), and 1 − exp(−γiAriA),
but the gij function were somewhat abnormal: arctan(γijrij) and
tanh(γijrij) entered in first, third, and sixth positions. When we
observe Table 4, n = 6, the Rank column, we clearly notice that
the small numbers below 10 gather at the rows of giA = riA/(riA
+ 1/γiA) and giA = Ei(−γiA1 riA − γiA2) − Ei(−γiA2).
Furthermore, the large Rank numbers (>16) gather mostly at
the rows of giA = arctan(γiAriA) and giA = tanh(γiAriA): giA =
tanh(γiAriA) is the worst. Furthermore, the e−n cusp values of
the high Rank (small numbers <6) were very close to each
other: at n = 6, the e−n cusp value is almost converging to
−2.0, the nuclear charge, as seen in Table 4 and from Figure 4.
We next examine the e−e cusp values shown in Table 5 and

Figure 5. Here, in Table 5, the first and second columns were
reversed to that of Table 4 because for the e−e cusp values, gij
is more important than giA. First, we show again first that the
worst case at each order was gij = rij and giA = riA at every order
n, except for n = 2. Thus, both e−n and e−e cusp values using
the correct-group g functions were totally more accurate than
the case of giA = riA and gij = rij. The best 6 ranking of the e−e
cusp values at n = 6 was
1st, e−e cusp = 0.499 918: Ei(−γij1 rij − γij2) − Ei(−γij2) and

arctan(γiAriA)
2nd, e−e cusp = 0.499 366: rij/(rij + 1/γij) and 1 −

exp(−γiAriA)
3rd, e−e cusp = 0.501 370: rij/(rij + 1/γij) and arctan(γiAriA)
4th, e−e cusp = 0.498 392: rij/(rij + 1/γij) and Ei(−γiA1 riA −

γiA2) − Ei(−γiA2)

Figure 3. Convergence of log10(−ΔElower) against the dimension M
(lower) and the orders n (upper) for the six cases of the identical giA
and gij functions, where ΔElower (kcal/mol) is the energy difference
between the exact energy given by eq 17 and the energy lower bounds
obtained here with the PM method for the ground state of the He
atom.
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5th, e−e cusp = 0.497 894: Ei(−γij1 rij − γij2) − Ei(−γij2) and
1 − exp(−γiAriA)

6th, e−e cusp = 0.497 783: Ei(−γij1 rij − γij2) − Ei(−γij2) and
riA/(riA + 1/γiA).
Because this is for the e−e cusp values, the excellent gij

functions were Ei(−γij1 rij − γij2) − Ei(−γij2) and Ei(−γij1 rij −
γij2) − Ei(−γij2) alone, which is impressive not including 1 −
exp(−γijrij). For the giA function pairs, there appeared the four
functions, arctan(γiAriA), 1 − exp(−γiAriA), Ei(−γiA1 riA − γiA2)
− Ei(−γiA2), and riA/(riA + 1/γiA), except for tanh(γiAriA).
Among them, the role of the first pair, Ei(−γij1 rij − γij2) −
Ei(−γij2) and arctan(γiAriA) is interesting because it gave the
most accurate cusp value of 0.499 919, as seen from Table 5.
When we observe Table 5, n = 6, the Rank column, we clearly
notice that the small numbers below 10 gather at the rows of gij
= rij/(rij + 1/γij) and gij = Ei(−γij1 rij − γij2) − Ei(−γij2).
Furthermore, the large Rank numbers (>15) gather mostly at
the rows of gij = arctan(γijrij) and gij = arctan(γijrij): gij =
tanh(γijrij) is the worst. These behaviors are the same as the e−
n cusp case discussed above.
Figures 4 and 5 show the e−n and e−e cusp values against

the dimension M for the six patterns of the identical giA and gij
functions. In both figures, the vertical axis is set to the same
scale. All the plots in both figures converged to their exact
values: −2.0 and 0.5 as increasing the order n. We also see at
first glance that the e−n cusp values are generally more
accurate than the e−e cusp values. The e−n cusp value at n = 0
was −1.6875, which is equal to the orbital exponent of ψ0. At n
= 1, the e−n cusp values of all the giA-gij pairs lowered and were
improved, but at n = 2, these values for g = r/(r + 1/γ) and g =
Ei(−γ(1)r − γ(2)) − Ei(−γ(2)) slightly overshoot −2.0. At n = 3,
most of these values were slightly higher than −2.0. Then,
from n = 4, the e−n cusp values approached the exact value
with slight fluctuation.
In the e−e cusp case shown in Figure 5, larger zigzag plots

were observed. At n = 0, the calculated e−e cusp value is 0
because there are no correlated functions including rij. At n = 1,
these values jumped up to near 0.5 except for g = r, but some
overshoot to higher than 0.5. At n = 2, in all the cases except
for g = r, the e−e cusp values are lowered. Then, as n increases,
the e−e cusp values approach the exact value with fluctuation:
the e−e cusp values tend to become higher at odd order n and
lower at even order n.

4. CONCLUDING REMARKS
In this study, we have investigated the qualities of the five
correct-type scaling functions17 of the SSE for use in the FC
theory applied to general atoms and molecules. We adopted
the variational method because of its universal simplicity and
reliability and applied the FC theory to the ground state of the
He atom. The difficulty of the analytical integrations that occur
when we use these correct g functions in both e−n and e−e
parts was circumvented by using the numerical integration
scheme over the three coordinates, r1A, r2A, and r12. Though
highly accurate calculations like those we already performed for
this system10−12 were not possible, we could understand the
general natures and the qualities of these correct g functions,
which was the purpose of the present study.
With all the combinations of the correct scaling functions g

for the e−n and e−e interactions, we calculated the energies,
wave functions, H-square errors, energy lower bounds, and e−
n and e−e cusp values of the He atom. Among them, the H-
square error is an absolute measure of the exactness of the
wave function and therefore very important to judge the
exactness of the wave functions achieved by the use of these

Figure 4. Convergence of the e−n cusp values defined by eq 16a
against the dimension M (lower) and the orders n (upper) for the six
cases of the identical giA and gij functions, calculated by the FC
variational method for the ground state of the He atom. The green
dashed line is the exact e−n cusp value, i.e., −2.0.

Figure 5. Convergence of the e−e cusp values defined by eq 16b
against the dimension M (lower) and the orders n (upper) for the six
cases of the identical giA and gij functions, calculated by the FC
variational method for the ground state of the He atom. The green
dashed line is the exact e−e cusp value, i.e., 0.5.
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special correct g functions. Also, using this quantity, the energy
lower bounds could be calculated. Between the first three
energetic properties and the last cusp properties, there were
some differences in the effects gained by the use of the correct
g functions.
For the energetic properties, both giA and gij functions were

important almost equally. The correct g functions were much
superior to the conventional function r. Among the five correct
functions, the performances of g = r/(r + 1/γ), g = Ei(−γ(1)r −
γ(2)) − Ei(−γ(2)), and g = 1- exp(−γr) were better in this order
than those of g = arctan(γr) and g = tanh(γr). g = tanh(γr) was
not good within the examined five correct g functions. The best
performance for ΔE and the H-square error at n = 6 was
obtained with giA = riA/(riA + 1/γiA) and gij = rij/(rij + 1/γij). A
reason for such a good performance of g = r/(r + 1/γ) might
be due to the fact that it includes in itself the function g/r as
seen from eq 12.
The smooth convergence of the H-square error to zero

shown in Table 2 supports the exactness of the FC theory with
any scaling function: the H-square error is an absolute measure
of the exactness of both the energy and the wave function.
From the variational upper bound energy and the lower bound
energy obtained from the H-square errors, we could give the
mathematically strict correct energy of −2.903 724 a.u. at n =
6 as the best energy obtained by this study. This energy is
correct up to the six digits after the decimal point. Though this
energy is much poorer than our previously reported
energies10−12 accurate to over 40 digits, due to the limited
accuracy of the present numerical integration method, it is
sufficient for the purpose of this study. For the correct scaling
function g = 1 − exp(−γr), however, fully analytic integrations
are possible for its Slater function form. The results will be
published soon.18

For the cusp properties, the effects of the g functions were
different from those for the energetic properties. In short, for
the e−n cusp condition, the e−n g function giA was of primary
importance, and for the e−e cusp condition, the e−e g function
gij was of primary importance. This is reasonable because the
cusp values and the scaling functions are both local near the e−
n and e−e coalescence regions. As the g functions that are
efficient for the cusp conditions, the g functions g = r/(r + 1/γ)
and g = Ei(−γ(1)r − γ(2)) − Ei(−γ(2)) were important. With the
FC theory, we could obtain the accurate cusp values close to
−2.0 and 0.5, respectively, for the e−n and e−e cusp values of
the He atom.

For general applications of the FC theory to the systems of
chemical interests, the basic integrals are limited only to the
one-electron part of the theory. However, when we introduce a
sampling type methodology,7,8,45 the FC theory can be applied
to any system without any limitation. Since the Schrödinger
equation and the SSE are local equations, the sampling-type
theory is very suitable for the exact theory. In the FC theory,
the wave function is given in the form of eq 7, where {ϕI} is
the set of the analytical functions, called complement functions
(cf’s), that describe the exact wave function ψ. All we have to
do is to determine the coefficients {cI}, and this is possible with
a simple sampling methodology called the direct (or inverse-
transformation) local sampling method.45 The present study
has given the basic information for developing the FC theories
using the accurate scaling functions given by eq 9a.

■ APPENDIX

Examination of the g/r Functions
We examined numerically here the g/r functions that are
produced as byproducts of the cf generation step when we use
the correct g functions of eq 9a except for g = r/(r + 1/γ). For
this purpose, we performed the FC calculations of the ground
state of the He atom with and without the g/r functions for the
case of g = 1 − exp(−γr) for both e−n and e−e scaling
functions.
Table A1 shows the overlap matrix elements for the cf’s with

the g/r functions at order n = 2 with dimension M = 18. The
first one is the initial function. The next four cf’s are generated
at n = 1, and the others are generated at n = 2. In this table, the
values larger than 0.99 are shown in a bold face. We see that
very large overlaps exist only in the elements including the g/r
functions. This may cause the redundancy difficulty in the
calculations, which was really observed, as seen from Table A2.
Table A2 summarizes the energy convergence and the

minimum eigenvalues of the overlap matrices in the FC
calculational processes with and without the g/r functions.
Figure A1 shows the plots of log10(ΔE) against the dimension
M. With the g/r functions, the dimension M rapidly increased,
but ΔE was not efficiently improved, compared to the case
without these functions. An exception may be seen at order n =
1, but M is small and this exception is not important. From
Table A2, we see that the minimum eigenvalues of overlap
matrix become almost zero when g/r functions exist. This value
at n = 3−4 already exceeded the precision of the double-
precision floating-point number and caused a trouble in the

Table A2. Comparison of the FC Processes at Increasing Orders with and without the g/r Functions for the Case of giA = 1 −
exp(−γiAriA) and gij = 1 − exp(−γijrij) in the Calculations of the Ground State of the He atom. Energy and ΔE Converged and
the Minimum Eigenvalue of the Overlap Matrix are Summarized

na with g/r functions without g/r functions

Mb energy (a.u.) ΔE (kcal/mol)c min. eig. v. of overlapd Mb energy (a.u.) ΔE (kcal/mol)c min. eig. v. of overlapd

0 1 −2.847 656 250 35.183 282 1.0 1 −2.847 656 250 35.183 282 1.0
1 5 −2.903 349 537 0.235 216 7.95 × 10−6 3 −2.893 831 344 6.207 972 7.95 × 10−2

2 18 −2.903 700 165 0.015 193 1.78 × 10−12 7 −2.903 413 787 0.194 898 7.24 × 10−4

3 50 −2.903 722 928 0.000 909 (1.26 × 10−16)e 13 −2.903 696 682 0.017 379 1.47 × 10−5

4 not converged 22 −2.903 718 938 0.003 413 9.33 × 10−7

5 not converged 34 −2.903 723 333 0.000 655 2.70 × 10−8

6 not converged 50 −2.903 724 106 0.000 170 6.18 × 10−10

exact −2.903 724 377 0 −2.903 724 377 0
aOrder of the FC theory. bNumber of the cf’s (dimension). cEnergy differences from the exact energy given by eq 17. dMinimum eigenvalue of the
overlap matrix. eExceed the precision of the double-precision floating-point number.
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calculations, like numerical instabilities. Thus, the g/r functions
may be used only at lower orders of the FC calculations,
though here, they were thrown out from the calculations.
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