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ABSTRACT: An exact theory for solving the scaled Schrodinger equation (SSE)
has been extended to molecular ground, excited, and ionized states that satisfy the
Hellmann—Feynman electrostatic force (ESF) theorem, a necessary condition for
the exact wave function. This is realized by applying the free complete-element
(FC) or SSE theory to the symmetry-adapted-cluster (SAC) configuration-
interaction (CI) wave functions that are designed to satisfy the ESF theorem. The
resultant theory, called the FC or SSE(SAC—CI, ESF) theory, is not only highly
accurate but also predictive, using both energetic and force theoretic concepts.
Here, this theory is applied to a benzene molecule, a 42-electron molecule, the
largest system yet treated by our exact theory. Notably, the theory resolved
complex features of higher singlet and triplet excited states of a benzene molecule,
which had previously eluded conventional methods.

1. INTRODUCTION

In natural science, what is often referred to as “the God
equation”’ is important, whose predictions must be accurate and
intuitively sharp. In classical mechanics, Newton’s equation
serves this role, as it is conceptually simple and computationally
solvable. In quantum mechanics, the Schrodinger equation (SE)

(H-Ey=0 (1)

the SE.

holds this status, where H is the Hamiltonian given in the Born—
Oppenheimer approximation by

H=Z—%Ai— Z ZZA/’Ai"'Zl/rij
; i A i>j

+ Z ZyZg/ 1
A>B )

¥ = y(H)

where r is a distance, and the suffices i, j run for electrons and A,
B for nuclei. E and y are the energy and wave function,
respectively, of the system. In eq 2, the first term represents the
kinetic energy operator, with A, being the Laplacian A, = 0*/0x
+ 0*/dy? + 0*/0z>. The second-to-last terms are Coulomb
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Then, exact predictions in chemistry and physics based on exact
solutions of this equation have long been impossible. Indeed, it is
truly important to find a method of obtaining exact solutions of

As such method, we may use the variational principle
(6yH — Ely) =0 (3)

to solve the SE, where i/ is a trial approximate wave function.
Here, the problem is what form do we assume for the function §i?
When we assume a single determinant for {i, we get Hartree—
Fock wave functions for §, but it is far from exact. The same is
true: when we assume an exponential function for {;, we get a
coupled cluster wave function, but it is not exact, again. A good
idea might be to assume {jr as

(4)

because the exact wave function must be a functional of its
Hamiltonian as the SE suggests. However, when we put eq 4 into
eq 3, we get the variational formula diverging to infinity

attraction and repulsion terms between electrons and nuclei that (6WlH — Ely) = +00 (5)
diverge at the point where particles collide with each other. The
SE is believed to be a governing principle of atoms and
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molecules when relativistic effects are small. It is very important
to find a general method of solving the SE for understanding and
predicting phenomena occurring in chemical science. However,
as Dirac famously remarked” many years ago, direct analytical
solutions of this equation had been impossible for realistic
systems, except for a very simple system like the hydrogen atom.
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instead of zero, because there are three 1/r terms in the bra,
Hamiltonian and ket of eq 3 and therefore, there is no way to
make this variational formula becoming equal to zero. This
situation continued until say 2000.

On 2000, this author initiated the study on the structure of the
exact wave function,” to obtain basic insights necessary for
finding a general method of exactly solving the SE. He studied
orthodox theories, exponential theories, inverse theories, etc,,
and in 2004, he published the scaled Schrodinger equation
(SSE)* written as

g(H-Ey=0 (6)

where g is a function of r, g(r), referred to as the scaling
function.”” Tt was defined as always positive (or equivalently
always negative). Then, it is clear that the SSE always has the
same set of solutions, as the original SE. Therefore, physically,
the SSE is equivalent to the SE. However, with the SSE, the
variational formula, (6lg(H — E)Iir), does not diverge and can
be made equal to zero, leading to correct exact solutions as

(Gplg(H — E)lp) = 0 )

differently from eq 5 for the SE. Then, we can utilize the
variational formula even for exactly solving the SSE.

Thereafter, a general theory of solving the SSE was
formulated®™"® and referred to as free complete-element (FC)
theory. (The old naming, free “complement” theory was
misleading and is withdrawn hereafter.) The physics of the g
function was studied.""* As r approaches zero, g must become
proportional to r, and as r becomes infinity, g must converge to
unity. Several mathematical functions were presented,'* and the
one used in this paper has the following form

g=1-exp(-rr) ®)
The SSE is solved straightforwardly as*
w = exp[Cg(H — E)ly, (9)

using only one single variable C and an approximate initial
function ;. This formula was called the simplest ECC
(extended coupled cluster) formula. Alternatively, the SSE is
solved in a recursion formula as*

w=1[1+Cg(H—-E,_)ly_, (10)

where , is the n-th order approximation of the exact wave
function. This equation, called the simplest iterative config-
uration interaction (SICI) equation,” is not efficient actually
because it includes diverging functions. So, we expand the right-
hand side of eq 10 up to the sum of elemental analytical
functions and then keep only the nondiverging functions {p ™
and obtain®

Y = z CI(n)(pI(n)
I (11)

We continue this formulation by increasing n until the
convergence to the exact wave function. Then, we obtain a set of
functions {¢,"} thatisa complete set of functions that spans the
exact wave function as given by eq 11. Thus, we have made up
free complete-element functions to construct the exact wave
function. So, we call this theory free complete-element (FC)
theory, replacing the old naming, free “complement” theory that
was misleading. Further, the above theory is just equivalent to
solving the SSE given by eq 6, and so this theory may also be
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referred to simply as SSE theory, as given in the abstract and in
the TOC graphic.

The theory explained above has been applied to many atoms
and molecules and has produced essentially exact solutions.*™ "
For example, by applying this theory to a helium atom, we could
obtain its ground state energy correct to over 40 digits.”” More
recently, we applied this theory to the Li, molecule’’ and
obtained its nine valence-state potential energy curves, which
completely reproduced the experimentally observed potential
curves in absolute accuracy.'® The equilibrium distances and the
vibrational properties of Li, all agreed well in high accuracy with
the available experimental data. These results show that the
present theory that solves the SE or SSE has a potentiality of
reproducing chemistry as it is, as long as relativistic effects are
small. However, so far, applied systems have been rather small
because we mainly used VB (valence bond) type formalisms.

2. PROPOSAL OF A NEW THEORY

We propose here a new exact theory in an MO (molecular
orbital) formalism and aim to describe various electronic states,
namely, ground, excited, ionized, and anion states of a molecule,
at the same time. This is achieved by applying the FC or SSE
theory to the SAC (symmetry-adapted cluster)'®/SAC—CI
formalism.'” So, before describing the new theory, we briefly
explain the SAC/SAC—CI formalism.

The SAC theory'® is a kind of coupled-cluster theory”' ™** in a
symmetry-adapted form which is necessary for nonlinear
expansions like coupled-cluster theories. Exponential generation
formalism is efficient and suitable for describing correlation
effects to higher orders, as studied generally by this author in
1985." The SAC—CI theory'’” describes singlet, triplet, and
even higher-spin multiplet excited states and ionized, anion
states of the same molecule. This theory utilizes the best-
optimized functional space produced by SAC formalisms and
therefore is efficient and balanced well with the SAC wave
function.'’ ™ The SAC/SAC—CI approach has been proven
effective and accurate in many interesting phenomena,'
which include highly accurate studies of excited and ionized
states of benzene molecules,” collision-induced spectroscopy,””
fine spectroscopy,” electron transfers in the photosynthetic
reaction center of a purple bacteria, Rhodopseudomonas
viridis,””*° photoemission of firefly,”’ et cetra. The SAC/
SAC—CI code is therefore very useful for various studies
involving ground, excited, ionized, and electron-attached states
of molecules. It was implemented in the Gaussian software
package’ and has been used worldwide. With this formalism, it
is possible to study various electronic states of general molecules
at a time. We note that the so-called “EOM-CC”**** is just the
same®” as SAC—CI, which was published about a decade
earlier'®'”**** than “EOM-CC”. Priority and originality are
something most important in science and the scientific
community.

Thus, we understand the importance of the present subject,
namely, upgrading the SAC/SAC—CI formalism to the exact
level by applying the FC or SSE theory. Further, the present
theory must satisfz the Hellmann—Feynman electrostatic force
(ESF) theorem®””” because this theorem is a necessary
condition for the wave function to be exact. There are several
methods for satisfying the ESF theorem. One is to float basis
functions variationally from nuclear centers, the so-called
floating method,® but this method is not so efficient from
energetic points of view. A more popular and efficient method,
which we adopt here, is to add derivative bases to already

https://doi.org/10.1021/acs.jctc.5c02112
J. Chem. Theory Comput. 2026, 22, 2928—2945


pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.5c02112?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

existing bases. This method is efficient for satisfying the ESF
theorem and for improving, at the same time, the quality of the
wave function.®” Further, importantly, one can utilize simple and
intuitive ESF concepts for molecular structures and chemical
reactions developed by this author in 1973—4."°"* Further,
dynamic behaviors of electron densities of a molecule under-
going changes in nuclear configurations, like in molecular
vibrations and chemical reactions, could be viewed in a general
fashion as electron-cloud incomplete following and preceding
courses of nuclear rearrangement processes.””*’ The force
concept in chemistry summarized in a book™* by Deb, Bader,*
and myself* is useful even in exact theories developed in my
laboratory. When the ESF theorem is satisfied, time-consuming
energy-gradient calculations become unnecessary.

Thus, we refer to the present exact theory as FC or
SSE(SAC—CI, ESF) theory. We apply this exact theory to the
set of SAC—CI wave functions for ground, excited, and ionized
states, which are expanded with basis functions that incorporate
their derivative bases to satisfy the ESF theorem and obtain
potentially exact wave functions that are correct in both energy
and force formalisms. There, the additional force concepts are
very useful because the basic electrostatic force view is described
only with electron clouds surrounding nuclei. Molecular
geometries and chemical reactions are studied using electrostatic
forces acting on nuclei due to electron clouds nearby nuclei
along nuclear rearrangement processes.’~**

Actual procedures to produce such exact wave functions are as
follows. First, we choose a simple initial set of basis functions and
calculate initial SAC/SAC—CI wave functions for ground,
excited, and ionized states. Next, to make the ESF theorem
satisfied, we add derivative basis functions and apply the SAC/
SAC—CI theory. This is the initial set of functions for the
present theory. Then, we apply the FC theory and continue the
whole process until the convergence by increasing the order n of
the FC theory. The resulting framework, FC or SSE(SAC—C],
ESF) theory, synergistically combines:

the rigor of the FC or SSE theory,

e the practical wide applicability of the SAC/SAC—CI
theory, and

the intuitive clarity of the ESF theory.

Because the SAC/SAC—CI theory has already been applied to
large molecular systems like the photosynthetic reaction
center,”” the present FC or SSE(SAC—CI, ESF) theory is
expected to expand the limit of the exact theory in practical areas
of chemistry. Further, because the present theory satisfies the
ESF theorem, we can utilize its simple concepts to intuitively
understand and to predict the underlying chemistry. The ESF
concept40743 is unique and correct even to the exact limit. Thus,
now, a computationally exact yet broadly applicable and further
intuitively predictive theory has been established.

Performing computational parts of this theory with a quantum
computer is fascinating. Then, much scaling up of sizes of
applied systems and substantial speed-up in computations are
expected. Below, the newly developed FC or SSE(SAC—CI,
ESF) theory is applied to the benzene molecule, C4Hy. This is a
key compound of chemistry, as historically studied by Kekule.

3. INCREASING ACCURACY WITH THE FC OR
SSE(SAC-CI, ESF) THEORY

In 1987, the present author studied benzene molecule”® with his

own SAC—CI code'”'”** and clarified the natures of valence

and Rydberg excited states of this molecule. Though basic
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natures of the ground and lower excited states were clarified,
some difficulties remained particularly in clarifying the nature of
the 11E2g excited state at around 7.8 eV.”°

In the present study, we study this molecule with substantially
higher accuracies of the FC SSE theory than any earlier studies
have. The geometry of the benzene molecule was fixed at the
experimental ground-state one,"” Re_c = 1.397 A and R¢_y =
1.084 A. All excited and ionized states were calculated at this
geometry, ie., vertical states. We initiated calculations using
minimal Slater-type orbitals (STO’s) with exponents from
Slater’s rule.*® With this rule, the exponents of the 2s and 2p
orbitals are the same, and so the derivative bases necessary for
the Hellmann—Feynman theorem are only d STO’s with the
same exponents. They form the so-called shell structure, which is
very favorable for the satisfaction of the Hellmann—Feynman
theorem. This was confirmed by the test calculations for the CO
molecule using a similar set of basis functions by calculating both
energy gradients and Hellmann—Feynman forces, though such
calculations are huge for the benzene molecule. In the present
calculations, we consider only g;;-type scaling functions that are
integrable, and the calculations were performed using a Gaussian
program using the STO-20G expansion method. However, we
did not include g;-type scaling functions, because they are not
integrable. The SAC/SAC—CI formalism incorporates correla-
tion effects partially. Sampling-type methodology is not
welcome for routine calculations. From this last limitation, the
present calculation does not reach an absolutely exact level of
accuracy. However, remarkably, even from such crude initial
functions, the present new theory yields highly accurate results
as shown below.

It would be interesting to visualize the systematic approach to
the exactness, increasing the order of the FC theory. We wanted
to understand the mechanism step by step. For this purpose, the
calculations were performed across six levels below

Level 1; single minimal STOs

Level 2; + x, y, z derivative bases

Level 3; + FC(n = 1)
Level 4; + FC(n = 2)
Level 5; + Rydberg 3s, 3p, 3d bases on each carbonatom

Level 6; + FC(n = 3) + Rydberg 4s, 4p, 4d bases on the

molecular center

where +means added bases and/or operation. We started from
the simplest possible initial choice, i.e., single minimal STO’s at
Level 1, and then their derivative bases are added at Level 2.
From Level 3, we applied the FC theory to make the system
approach toward exactness. After order 2 at Level 5, we added
third-row Rydberg bases* on carbon as s, p, d, primitive
minimal Slater bases with the exponent of 0.48, altogether. At
Level 6, we raised the FC order to three and added fourth-row
Rydberg bases, which are the s, p, an d, primitive minimal Slater
basis, with the exponent 0.25 on the center of molecule.”
Because the simple orbital model is enough for Rydberg states,
we did not add any derivative bases and did not apply FC theory.
As far as the inner valence states are accurately described, a
simple orbital model would be enough for Rydberg states
because they are simple, one electron-like states surrounding the
positively charged inner molecular region. Up to order 2 of the

https://doi.org/10.1021/acs.jctc.5c02112
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Figure 1. Comparisons of six different levels of the present theory and experiments for singlet and triplet valence (black) and Rydberg (red) excitations
and ionizations (blue) of the benzene molecule. Each different level of the theory is explained in the text. The mean absolute error at each level is shown

in pink in eV units.
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Figure 2. Excitation and ionization energies of the L6 level of the present theory compared to that of previous SAC—CI calculations in 1987.

FC theory, the computer time was 4 days 2 h 32 min, and up to
order 3 with Rydberg bases, it was 7 days 8 h 26 min with
computers at the IMS computer center, Okazaki.

Figure 1 shows a compact summary of the calculated results of
vertical excitation energies and ionization energies from Level 1
(L1) to Level 6 (L6). They are compared against experiments
using the 45-degree line. At L1, the basis set is minimal, the
simplest-possible basis set, but even so, SAC—CI results are
reasonable with a mean absolute error (MAE) of 1.08 eV. Large
errors are due to discrepancies in some singlet and triplet valence
excited states. Notably, ionized states (shown in blue) align
closely on the 45° line, and this is so even across all six levels of
the theory. Maybe ionized states could be described well with
the SAC—CI theory even with a small basis set. Then, by adding
derivative bases at the L2 level, calculated results were improved
largely, and the MAE value reduced to less than half, 0.43 eV.
Then, we applied the FC theory to order one, and the MAE
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reduced to 0.30 eV (L3) and 0.25 eV at n = 2 (L4). However, the
'E,, state still deviates notably from the 45-degree line.
However, upon adding third-period Rydberg bases at the LS
level, many higher singlet excited states, including the 'E,, state,
were dramatically improved, reducing the MAE to 0.107 eV.
This suggests substantial valence—Rydberg mixings in these
states. Finally (L6), with FC n = 3 and fourth-period Rydberg
functions added, the MAE decreased to 0.095 eV, indicating the
convergence. Here, all states are well along the 45-degree line.
Several important points are summarized: (1) singlet states
are rather complex, in comparison with triplet and ionized states.
A highly accurate theory like the present one is necessary to
describe the complex natures of higher singlet excited states. (2)
Triplet states converge more rapidly than singlet states. Ionized
states are consistently accurate from the beginning. (3) Coming
back to level L1, we explain why we chose such crude bases
initially. One is to show that the FC theory can give exact results

https://doi.org/10.1021/acs.jctc.5c02112
J. Chem. Theory Comput. 2026, 22, 2928—2945
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Table 1. Excitation Energies (ExtE) and Ionization Energies (IE) Compared to the Experimental Data for Low-Lying Singlet
and Triplet Valence and Rydberg Excited States and Ionized States of Benzene, Calculated by the Present Theory at Level 6
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(—231.985 030)”
5.078
6.412
6.421
6.945
7.019
7.089
7.112
7.386
7.496
7.603
7.613
7.622
7.822
7.836
7.862
7.971
8.141
8.161
8.186
8.193
8.208
8271
8.278
8.296
8.375
8.382
8.385
8.497
3.862
4.816
5.689
6.367
6.876
7.003
7.118
7.132
7.420
7.576
7.596
7.600
7.604
7.742
7.832
7.863
7.960
8.002
8.017
8.040
8.123
8.156
8.169
8.188
8.270
8.366
8.373
8.374
8.442
8.492

4.90°
6.20°
6.337
6.93°
6.95°
6.95°

7.4V, 7.19%
(7.46)"
(7.54)%
(7.54)%

7.80/, 7.812
7.80%

7.95%

837

8.448
3.95%
476"
5.60%
(6.33)"
(6.93)’
(6.95)"

(741, 7.19)’
(7.46)"

(7.54)"

(7.49 + 025)
(7.54)"

(7.80)"
(7.81)’

(7.95)’

(8.37)"

(8.44)"
(8.44)'
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Excitation energy (ExtE)(eV) Exptl. ExtE (eV) A(ExtE)“

0.18
0.21
0.09
0.01
0.07
0.14

—0.02, 0.20
(0.04)
(0.06)
(0.07)

0.02, 0.01
0.04

0.02

—0.18

0.06
—-0.09
0.06
0.09
(0.04)
(—0.05)
(0.05)

(-0.28, —0.06)
(—0.04)

(0.04)

0.11

(0.06)

(—0.06)
(0.02)

(0.01)

(=0.20)

(0.00)
(0.05)

Oscillator strength  Second moment (au)

78.4
0 79.9
0 82.5
0 128.8
0.087 151.6
0 154.5
0.468 126.9
0 159.2
0.514 116.5
146.4
182.3
185.4
183.3
2283
238.5
240.8
423.4
018 470.5
480.4
489.3
465.8
0.006 87.3
0 79.0
82.7
452.1
486.1
486.4
489.2
437.6
79.0
79.7
80.8
126.3
146.7
153.1
159.8
148.9
137.3
178.1
89.6
181.6
181.4
205.0
2184
241.2
416.9
79.8
78.9
78.3
468.7
479.7
467.2
490.7
452.6
487.7
486.0
486.1
453.2
438.5
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Table 1. continued

No State Pair Orbital picture Ionization energy (IE)
1 lelg T, = 9.226

2 1By, 05 = 00 12.103

3 1%A,, T, = 0 12.530

4 1’Ey, 0, = © 14.347

5 1’B,, 05 — 0 14.780

6 1’B,, 6y — 15.761

7 1’A, 04 = 00 17.284

(eV)

Exptl. IE (eV)™ A(IE) Intensity Second moment (au)
9.45 —-0.22 0.927 58.1
(11.7)" 0.907 56.5
12.3 0.23 0.873 59.6
14.47 —0.12 0.892 56.7
14.78 0.00 0.881 59.3
15.77 —0.01 0.880 55.1
17.04 0.24 0.864 57.0

“Differences of excitation energies or ionization potentials between theory and experimental values. Total energy (au) of the ground state, which is
165 016 kcal/mol higher than the estimated exact value of —232.248 au given in ref 50. “Ref 52. “Ref 53. “Ref 54./Ref 55. #Refs 57 and 58.

Estlmated usmg the Rydberg series formula. ‘Coefficients are mostly on 7,-3dz and very small on 7;—7; “Ref 58. For the 13’E2g state, estimated in
ref 62. *Ref 63. 'Experimental data taken from those of corresponding singlet states. ""Ref 64. "Noted as “approximate value” in ref 64.

Table 2. Total Energy of the Ground State of Benzene

Hartree—Fock (HF) energy

Method (au)
Blind challengeSl

ASCI

iCI

CCSDTQ

DMRG

FCCR

MBE-FCI

CAD-FCIQMC
AS-FCIQMC

SHCI

FC(SAC—CI, ESF) theory

—230.721 819 131°

L2: Initial function + force —230.434 344

L3: FC(n = 1) + force —230.728 099

L4: FC(n = 2) + force —230.760 102

LS:FC(n = 2) + force + Ryd(3s,3p,3d) —230.760 622

L6: FC(n = 3) + force + —230.771 455
Ryd(3s,3p,3d + 4s,4p,4d))

Estimated exact energy —232.248

“Energy difference of the Hartree—Fock energy in kcal/mol from the estimated exact ground state energy of the benzene molecule.

AE(HF)“ Correlation energy” Total energy AE®

(kcal/mol) (mH) (au) (kcal/mol)
957.693 —860.0 —231.581 819 418.035
—861.1 —231.582 919 417.34S
—862.4 —231.584 219 416.529
—862.8 —231.584 619 416.278
—863.0 —231.584 819 416.152
—863.0 —231.584 819 416.152
—863.4 —231.585 219 415.901
—863.7 —231.585 519 415.713
—864.2 —231.586 019 415.399
1138.086 —848.1 —231.282 457 605.887
953.752 —1165.6 —231.893 665 222.349
933.670 —1201.2 —231.961 282 179.918
933.344 —1201.1 —231.961 721 179.643
926.546 —1213.6 —231.985 030 165.016

—232.248 0
For Blind

Challenge, relative to the Hartree—Fock energy with the cc-pVDZ basis for all the methods. For the FC(SAC—CI, ESF) theory, relative to the
Hartree—Fock energy at each level. “Energy difference of the total energies in kcal/mol from the estimated exact ground state energy of the benzene

molecule.

even from crude initial functions. The other is that dimensions of
basis functions soon increase as the order of the FC theory
increases, and so we chose the smallest possible initial functions
at the beginning. (4) At order 3 of final (L6) calculations, the
MAE value showing the accuracy of the FC calculation became
0.095 eV = 2.2 kcal/mol, near the chemical accuracy.

In Figure 2, the present final result of the (L6) level is
compared with previous SAC—CI results of 1987.”° Though in
the previous work we did our best to perform highly accurate
calculations, the MAE value was 0.25 eV, in comparison with
that of the present results, 0.095 eV. An important point of the
present theory is that we can always improve toward the best
possible result simply by applying the FC theory to higher
orders. Further, another point is that we did not consider the
effect of g; functions, which is the largest point which must be
revisited in the future.

4. ACCURATE GROUND, EXCITED, AND IONIZED
STATES OF BENZENE

Now, let us study electronic structures of the benzene molecule
in its ground, excited, and ionized states at the present most
accurate level, the final L6 level. Table 1 shows a summary of the
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present results obtained at the ground-state geometry. The
results are compared with available experimental and theoretical
data.’*®* The table includes state assignments with orbital
pictures, excitation or ionization energies, their experimental
values, differences between theory and experiments, present
theoretical oscillator strengths, and second moments. For the
Dg, symmetry of benzene, oscillator strengths are zero except for
'A,, and 'E,,, states. Even for these two symmetries, calculated
oscillator strengths were very small for some states, and for such
cases, values were recorded as 0.0 instead of 0. The second
moment is a useful property indicating the size of the state,
which is usually very different between the valence and Rydberg
states.

Looking at columns showing differences between theoretical
and experimental excitation energies, A(ExtE) and those for
ionization energies, A(IE), we notice that these differences are
generally very small across all states, confirming the high
accuracy of the present theory. The second moment calculated
for the ground state, 78.4 au, is the smallest of all the calculated
values for singlet and triplet states, which is reasonable. Ionized
states are all very slim and tight, as seen from values of second
moments. This is because one excess positive charge around the

https://doi.org/10.1021/acs.jctc.5c02112
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Table 3. Induced Electrostatic Forces Acting on Carbon and Hydrogen of Each Excited and Ionized State of Benzene at the
Vertical Excited or Ionized State Fixed at the Ground-State Equilibrium Geometry, Due to the FC(SAC—CI, ESF) Theory at
the L6 Level”

10
11
12
13
14
15
16

17

18
19

20
21

22

23

24

25

26
27

28
29

10

(Den)
1'By,
1'B,,
1'Ey,

1'A,,
1'E,,

1'E,,

1'A,,
2'E,,

2'E,,

1'By,
1'By,
3'E,,

1'Ey,

2'A,,
1'A,,
4'E,q

2'A,,
2'E,,

2'A,,
3'E,,

2'A,,
3'A,,
3'E,,

(dan)
1'by,
1'b,,
1'b,,
1'bs,
1'by,
llau
2'by,
2'b,,
2'bs,
2'a,
3'b,,
3'bs,
2'by
2'by,
3'by
3>1b3,g
4'by,
4'by,
3lag
1'by,
21ag
2'by,
5'byg
5'byg
3'by,
3'a,
4'by,
4la,
4'b,,
4'bs,
11'by,
9'a,
10'a,
10'b,,
6'byg

)
o)

)

o)

o)

)

o)

o)

o)

)

o)

o)

Ty

o)

)

o)

o)

o)

o)

o)

Oy

Oy

Oy

o)

o)

o)

o)

o)

o)

o)

o)

o)

o)

3

)

o)

)

Orbital
— m3*
— 73

- 3s

— 3po
— 3po

- ﬂ3*l

— 3po

picture

m, = 3px

— 3px, m, = 73*

— 3do
— 3do
— 3do
— 3do
- 3%,
— 3dz
— 3dnz

- 4s

— 4po
— 4po

— 4po
— 4pr

— m3*
— 73
— 73

— 4do

— 4do
— 4do

— 4do
— 4dn

— ¥

— 73

- my*

— 3s

— 3po
— 3po

— 3po
- 3pn

— 3do

— 3do

m, = 3dx

Induced force acting on nucleus

Ci(y)
0.033
0.024
0.018
0.018
0.021
0.023
0.022
0.023
0.021
0.025
0.017
0.034
0.014
0.014
0.026
0.026
0.026
0.024
0.021
0.021
0.021
0.022
0.020
0.021
0.021
0.022
0.022
0.023
0.021
0.020
0.002
0.004
0.004
0.003
0.018
0.019
0.024
0.024
0.023
0.024
0.022
0.021
0.025
0.030
0.026
0.023
0.017
0.017
0.020
0.023
0.022
0.024
0.018
0.017
0.011
0.012
0.026
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H,(y)
—0.007
—0.005
0.001
0.00S
0.003
0.002
0.003
0.001
—0.003
0.002
—0.002
—0.003
0.000
0.006
0.002
0.003
0.004
0.001
0.001
0.001
0.001
0.002
0.001
0.004
0.002
0.002
0.002
0.002
0.003
0.000
0.003
0.001
0.002
0.003
0.001
0.004
0.002
0.002
0.002
0.002
0.001
0.001
—0.007
—0.007
—0.007
—0.006
0.001
0.00S
0.002
0.002
0.003
0.002
0.002
—0.001
0.000
0.007
0.003

Cy(r)

0.051
0.051

0.023
0.023
0.041
0.041

0.031
0.023
0.045
0.045

0.025
0.026
0.021
0.021

0.051
0.051

0.022
0.022

0.050
0.050

0.003
0.004
0.050
0.049

0.023
0.024

0.021
0.022

0.027
0.029

0.050
0.050

0.022
0.023

0.050
0.050
0.045
0.045

Cy(0)

—111
—69

=17
23
—108
=72

11

—11

—114
—66

—66

—114

27

—112

—68

-3

—110
=70

H,(r)

0.004
0.002

0.003
0.002
0.002
0.000

0.003
0.002
0.00S
0.002

0.002
0.004
0.001
0.001

0.003
0.002

0.002
0.002

0.001
0.002

0.003
0.002
0.003
0.002

0.002
0.002

0.001
0.001

0.007
0.007

0.004
0.002

0.003
0.002

0.001
0.001
0.00S
0.002

H,(6)

31
-19

15
-28

=55
24

11
-23

10
-8

—112
31
—4
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Table 3. continued

Induced force acting on nucleus

State
No (Dan) (daw) Orbital picture C.()
11 By, Pa, T = my* 0.063
’byg 0.029
12 By, 3%by, 7, = 3do 0.026
13 3By, by 7, — 3do 0.026
4’bs, 0.024
14 A, 2%, 7, — 3dr 0.020
15 2’Ey, 3a, @ = 3dz 0.026
3%y 0.022
16 13AZg 23blg 7, = 3dm 0.022
17 4By 5%bsg ™ - 4s 0.020
5bsg 0.021
18 2’7y, 9°by, 0y > m5* 0.001
19 2’E,, 10%a, oy = 1yt 0.005
10°by, 0.001
20 2A,, 9%, 0y = m* 0.007
21 37y, 3%y, ™, = 4po 0.021
22 3’E,, 33, 7, > 4po 0.022
#by, 0.022
23 3By, #by, ™ — 4prn 0.021
4%b,, 0.020
24 3PAg, 43, 7, = 4pm 0.023
25 S’Eq 6’by, 7, — 4do 0.018
6by, 0.019
26 2°B,, 7°bsg 7 = 4do 0.023
27 6’E,, 8°by, 7, — 4do 0.024
8%by 0.023
28 2’B,, 7’byg 7, — 4do 0.024
29 A #a, 7y, — 4dw 0.020
30 3’E,, S, 7, — 4dr 0.021
#byg 0.021
1 I’Ey, 1%b,, 7, & ®© 0.021
by, 0.023
2 1By, 1%, 0y > o0 -0.072
’by, 0.075
3 1%A,, 1%b,, 7, = 0.055
4 1’E,, 1°b,, 0; > © —0.029
1%by, 0.056
s 1’By, 2%bs, 0g > 0 0.059
6 1°By, 2%by, 05 = © —0.053
7 lelg 22;1g 0, &> ® 0.021
y H,(y)

Hl()’) Cz(") Cz(g) Hz(") Hz(g)
—0.007 0.052 —44 0.006 10
—0.005 0.066 33 0.007 -9
0.002
0.004 0.025 9 0.002 29
0.001 0.026 -9 0.004 —18
0.001
0.001 0.023 -8 0.001 —-13
0.000 0.025 8 0.001 9
0.001
0.001 0.051 —114 0.003 15
0.004 0.051 —66 0.002 =27
0.003
0.000 0.003 45 0.003 -13
0.003 0.004 =25 0.001 29
0.000
0.002
0.002 0.022 0 0.002 4
0.002 0.022 0 0.002 —4
0.003 0.051 —66 0.001 —-56
0.000 0.051 —114 0.002 22
0.002
0.001 0.049 —113 0.003 10
0.004 0.049 —68 0.002 -21
0.002
0.002 0.023 4 0.002 11
0.002 0.024 —4 0.002 -9
0.002
0.001
0.001 0.021 -1 0.001 -2
0.001 0.021 1 0.001 2
0.000 0.052 —116 0.002 19
0.003 0.052 —65 0.001 —41
0.024 0.071 57 0.014 =51
0.003 0.069 59 0.022 30
0.004
0.032 0.061 -55 0.009 -2
0.002 0.051 —81 0.024 1
0.008
0.031
0.023

“A figure of a benzene molecule showing definitions of some quantities used in this table.

nuclear framework pulls all surrounding electron clouds toward
itself.

In the first row of Table 1, the ground state energy calculated
with this theory is given. It is —231.985 030 au, which is 165.016
kcal/mol higher than the estimated exact value of —232.248 au™’
This deviation is because the present SAC calculation was
limited to include only up to singles-and-doubles-linked
excitation operators within the usage of g,-type scaling
functions of the FC calculations. However, to solve this
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problem, the inclusion of g;-type scaling functions would be
most straightforward, but this is a subject for the future.

In 2020, essentially full CI, but frozen-core, ground-state
energy of benzene was calculated with the cc-pVDZ basis, using
many different sophisticated theories of many authors.”’ In
Table 2, we referred to their results®" as “blind challenge” data,
together with the present result obtained at different levels. The
blind challenge data are essentially full-CI frozen-core data, and
so the results of different methods are close to each other. On the

https://doi.org/10.1021/acs.jctc.5c02112
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Figure 3. Force and density difference maps for singlet excited states of benzene given in Table 1. For the state to which the map is very similar, the
singlet pair number is given on the lower left corner, and the triplet pair number is given on the lower right corner. Green, red, and blue lines mean zero,
plus, and minus, respectively. Most maps are on the plane 1 au above the benzene plane and when necessary, the map on the molecular plane is also

given, marked as the o plane.

other hand, the present result given in Table 2 is the ground-
state data at several different levels of the present theory shown
in Figure 1. As the order of the FC theory is raised, the ground-
state energy becomes lower. The addition of Rydberg functions
gives only a small effect on the ground state energy. In the
present calculation, the “correlation energy” was given relative to
the Hartree—Fock energy at each level of calculations. Note that,
even with increasing the order of the FC theory, the Hartree—
Fock energy “saturates” at some level, but the energy of the
present theory is improved systematically toward the exact
solution by increasing the order of the theory. However, even at
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the L6 level, the ground state energy differs from the exact
energy by 165.016 kcal/mol. As stated above, this is because the
present calculation does not include g; functions and is limited
to only single and double excitation-level in SAC calculations.
Since these approximations are popular in conventional
quantum chemistry, they would not be so critical.

We now move to the excited states. From the second row of
Table 1, all data are for excited and ionized states at their vertical
geometry of the ground state. The excitation energy is a
difference quantity between ground and excited states, and
therefore, it would be more stable than two absolute energy

https://doi.org/10.1021/acs.jctc.5c02112
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values. At the vertical excited or ionized state, each nucleus of the
molecule will receive the force that works to move it toward the
position of the equilibrium geometry of each state because the
equilibrium geometry of each state will be different from the
ground-state one. In Table 3, the Hellmann—Feynman forces
acting on carbon and hydrogen atoms of the benzene molecule
at vertical states are summarized as induced forces. The present
theory is designed so that not only the energy but also the force
acting on each nucleus is highly accurate, and the latter can be
easily calculated using the ESF theorem when the wave function
is calculated to be “stable” using derivative bases that are added
and also as the order of the present theory is increased. Since the
ESF is calculated from the one-electron density, forces induced
at vertical excited and ionized states are calculated only with the
deference density Ap defined by Ap = pegion — Pgrounty Where
Pexion is the electron density of the excited or ionized state, and
Pground I8 the electron density of the ground state. This difference
quantity is considered to be more accurate than the density itself
because of the cancellation of errors. Further, the ESF has simple
and visual force concepts.**~*® With this simplicity and visuality,
understanding and even the prediction of chemical phenomena
would become easier and more transparent.

The density difference maps with induced forces acting on
carbon and hydrogen nuclei are given in Figure 3 for singlet
states, Figure 4 for triplet states, and Figure S for ionized states,
and the induced force data are given in Table 3 for all states. In
SAC—CI calculations, the benzene molecule was actually dealt
with in the D,;, symmetry as the Abelian subgroup of Dg;,. For
degenerate states, we gave the result for each of two symmetry
members using the symmetry symbol of the D,;, symmetry with a
noncapital letter. Density difference maps are given mostly on
the plane 1 au above the benzene plane because most excitations
occur in the domain of 7 electrons. For the change in the o
domain, the density difference on the benzene plane was given
and noted with “(¢ plane)”. Two elements of degenerate
symmetry are written as k-1 and k-2 with k being the number of
the degenerate state. In contour plots of density difference maps,
the red color shows an increase in density and blue a decrease
caused by excitation or ionization, and green shows the zero line.
The contour plots are generated with the range of 0.002 to 0.002
divided by 1000. Induced forces are shown by arrows starting
from a carbon or hydrogen nucleus.

Here, we deal with many excited states: in exact theory, each
state is as important as the ground state. However, it is difficult to
present all of their density-difference maps due to space
limitations. So, we examined all maps and found that much
similarity exists, particularly for Rydberg-excited states between
those for 3s, 3p, and 3d Rydberg excitations and 4s, 4p, and 4d
Rydberg excitations. This is because the Rydberg orbitals are
much outside the molecule, and therefore, maps of only around
the benzene nuclear skeleton are similar between third-period
and fourth-period excitations. Using this fact, we could skip
maps for 4-th period Rydberg excitations by giving their state
number, defined in Table 1 on the lower left corner of each map
of the third-period Rydberg excitation. Further, maps of triplet
Rydberg excitation are also very similar to corresponding singlet
counter maps. So, we showed in the lower right corner of the
singlet map the number of the triplet counterpart defined in
Table 1. On the contrary, in maps for triplet states, we gave the
corresponding singlet pair number on the lower right corner of
the triplet map. In this way, we could make the number of maps
shown on this paper be the minimum possible. However, all the
original maps are certainly necessary and therefore summarized
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in Supplemental Figures S1 and S2, because “similarity” is not an
absolute measure and we need all genuine maps for detailed
examinations. Thus, Figures S1 and S2 in the Supporting
Information give all genuine maps for singlet and triplet states.
Figures 3 and 4 of this text show only selected maps for singlet
and triplet states, respectively. For singlet maps, singlet pair
numbers are given on lower left corners and triplet pair numbers
on lower right corners. For triplet maps, singlet pair numbers are
given in lower right corners. For an ionized state, no pairing
maps exist.

4.1. Singlet Excited States

Now, let us examine singlet excited states from both energy and
force concepts. Table 1 shows the energetics compared with
experiments,sz_64 oscillator strengths, and second moments for
28 singlet excited states. Table 3 summarizes the details of
induced forces acting on the carbon and hydrogen nuclei of
these states. Figure 3 shows density difference maps that cause
induced forces as shown. Though all data are given in Figure S1
of the Supporting Information, we have to limit the number of
maps for a space reason: Figure 3 shows force and density
difference maps for the lower 22 states. For 6 states not shown,
we explained their results by referring to the maps within 22
states that resemble very much. All force values are given in
Table 3. Now, let us examine each state in the order of the
energy.

The lowest two excited states are 1'B,, (No. 2) and 1'B,,
(No. 3), m,—m;* valence states from degenerate homo’s to
lumo’s. Their second moments, 79.9 and 82.5 au, are very close
to each other and a bit larger than that of the ground state, 77.4
au. These two states are symmetry forbidden. In eyg)erimental
UV spectra for the gas phase shown by Dawes et al.,”® very weak
peaks exist at around 4.90 eV, which were assigned to the 1'B,,
state, and stronger peaks at around 6.2 eV were assigned to the
1'B,, state. These assignments are the same as those by Lassettre
et al”> The first two diagrams of Figure 3 show density
difference maps and the induced forces for 1'B,, (No. 2) and
1'By, (No. 3) states. We see a decrease of the 7 electron density
from the C—C bond region, which causes the force acting on C
of +0.033 and +0.024 au, respectively, both working to increase
C—C distances. On the other hand, the forces acting on H are
—0.007 and —0.005 au, respectively, working to decrease H—C
distances.

Next, we examine three Rydberg states, 1'E,; (No. 4), 1'A,,
(No. §), and 1'E,, (No. 6) calculated at 6.421(3s), 6.945(3po),
and 7.019(3po) €V, respectively, as assigned experimentally by
Johnson et al.>* a5 6.33, 6.93, and 6.95 eV, respectively. They
arise by excitations from degenerate m, orbitals to Rydberg 3s
and 3po orbitals. Though the 1'A,, (No. S) (7, — 3po) state is
symmetry allowed (oscillator strength of 0.087), its peak at
around 7 eV is in the region of strong absorption peaks due to
two 'E,, states (oscillator strengths of 0.468 and 0.514) are
explained below. As seen from Figure 3, in 1'A,, (No. 5)
Rydberg excited state, the electron density decrease is seen
almost everywhere in the molecular region on the plane 1 au
above the molecular plane. Rydberg orbitals are largely outside
the molecular region, as seen from the density increase region
(shown in red), apart from six H atoms. Note that the green line
is the zero line that divides decrease and increase regions, and
the positive region shown outside in red is the region of the 3p
Rydberg orbitals. Then, all bonds will be elongated in these
excited states as seen from positive forces acting on carbons. It is
interesting to compare two degenerate E states, Nos. 4 and 6,
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lower and higher states of the 1'A,, (No. §) (7, = 3po) state
explained above. In the llElg (No. 4) (=, — 3s) state, maps of
degenerate two states are different, but in the 1'E,, (No. 6) (7,
— 3po) state, maps of degenerate two states are almost the
same. Then, in the lower 1'E,, (No. 4) state, the Jahn—Teller
distortion would occur, but in the upper 1'E,, (No. 6) (7, —
3po) state, such distortion would not occur.

Very closely to the above 1'E,, (No. 6) peak, two 'E,, states
(Nos. 7 and 9), which are very important excited states of
benzene among many states, were calculated at 7.089 eV (No. 7)
and 7.386 eV (No. 9), together with the 1'A,, state (No. 8) at
7.112 eV. Among these, two 'E,,, states are strongly symmetry-
allowed, and their oscillator strengths were as large as 0.468 and
0.514, respectively. They thus give very strong overlapping peaks
in experimental VUV spectra, as shown by Dawes et al’
Though the 1'E,, (No. 6) state was pure Rydberg, the present
two 'E,,, states are mixed valence 7,—7;* and Rydberg 7,—3px
states. This mixing is special to the singlet states, as will be clear
later in the triplet part, and this is a reason why these two 'E,,
states are here at the very close energy region of 7.09—7.39 eV.
In other words, in comparison with the triplet state, the valence
singlet 'E,, state is higher by about twice the exchange integral
between 7, and 73;*MO’s. As a result, roughly speaking, this
valence 'E,, state could mix with the nearby second Rydberg
'E,, state. As expected from the magnitude of the oscillator
strength, the valence character is smaller in the first 1'E,, state
than that in the second 2'E,, state. This is also seen from the
magnitudes of their second moments, 126.9 au and 116.5 au,
respectively. In the experimental VUV spectra,”® present two
'E,, states give a very strong broad VUV peak in the 6.7—7.5 eV
region. For the 1'E;, (No. 7) state, 6.95 eV was assigned in the
earlier paper.’” For the 2'E;, (No. 9) state, both 7.41 eV"° and
7.19 eV>® data existed, but the former is closer to our
calculated excitation energy. In Figure 3, force and density maps
of two 'E;, (Nos. 7 and 9) states and the 1'A,, state are shown.
Because these two 'E,, states are mixed valence-Rydberg,
positive valence density regions are seen for the 1'E;, (No. 7)
state, and for the 2'E;, (No. 9) state, the negative density is
much shallower in the benzene region in comparison with pure
Rydberg states like 1'A;, (No. 8) and even in comparison with
1'E;, (No. 7) shown in Figure 3. Also, a strong Jahn—Teller
distortion is expected for the first 1'E,, state, but such a
distortion would be mild in the second 1'E,, state. The presence
of these two 1—2"E , states at this close energy region, 7.089 and
7.386 €V, in contrast to 4.816 and 7.132 eV of triplet 1—2°E,,
state, is characteristic for the photochemistry of the singlet
excited states of benzene.

The next four states, 21E1g, llBlg, lleg, and 3'1E1g (No. 10—
13) are all 3d Rydberg in character, as seen from Table 1 and
Figure 3. They are very close to each other in energy, lying within
7.496—7.622 €V, only 0.126 eV separation. Earlier studies®>*’
remarked the ambiguity in assignments of these states. Based on
the present reliable results of the excitation energy, we assign
observed peaks at 7.46 and 7.54 eV as follows: the 21Elg state
calculated at 7.496 eV is assigned to the peak at 7.46 eV
estimated by us”® and the llBlg and 11B2g states calculated at
7.603 and 7.613 eV to two peaks observed at 7.54 eV by Whetten
and others.”” The last 31E1g state does not have an observed
counterpart. Because these are all Rydberg states and their
intensities (oscillator strength) are all zero, the assignment is
essentially difficult. Note that present assignments differ from
previous ones.*® Density difference maps of these four states,
2'Ey,, 1'Byg, 1'Byy, and 3'E,, (No. 10—13), are shown in Figure

2938

3. All are typical Rydberg types: densities in the valence region
are all negative, showing the loss of an electron from the valence
7, orbital region and adding one electron on the Rydberg 3d
orbital region that lies outside of the benzene valence region.
Further, we expect that for the first degenerate 2'E;, (No. 10)
state, the Jahn—Teller distortion would occur in the
reorganization process, while such distortion is not expected
for the ?;IElg state. Geometrical changes of three llBlg, 11B2g,
and 31Elg (No. 11—13) states would be similar: forces acting on
C and H nuclei are also very similar among these three states.

Let us examine an important state, 1'E,, (No. 14), which is
very interesting from a theoretical point of view, because this
state was expected before to be the valence 7,-7;* state. This and
higher valence excited states were difficult before™® with the
previous SAC—CI alone theory and calculations, but here with
the advanced exact SAC—CI formalism, FC, or SSE(SAC—CI,
ESF) theory, we obtained results shown in Table 1 and Figure 3.
From these results, it turned out that the valence 7;—z;* nature
is very small, and it is mostly Rydberg 7,-3d7 state whose second
moment is as large as 228.3 au. The calculated excitation energy
was 7.822 eV, which is very close to the experimental value, 7.81
eV by Whetten etal.>”** and 7.8 eV by Yoshihara et al.**~®' This
state is doubly degenerate, but the two components shown in
Figure 3 have essentially the same density profile, showing that
no Jahn-teller distortion will occur in this excited state. These
two density profiles are very similar to those of previous 11B1g
(No. 11) and lleg (No. 12) states, though their second
moments were smaller at 182—185 au. They are also similar to
the next two states, 21A1g (No. 15)*” and llAZg (No. 16), which
are Rydberg 7,-3dr states, whose second moments are also very
similar, 238.5 au and 240.8 au, respectively. Their density
profiles, which are for the nondegenerate states, are also very
similar to those of the 1'E, (No. 14) state, which are
degenerate.

The states from No. 17 to No. 21 are a set of Rydberg states
arising from 7, to the outer Rydberg 4s and 4p orbitals. The first
state, 41Elg (No. 17), m,-4s is at 7.971 eV, and the next three
states, 2'A, (No. 18), 2'E,, (No. 19), and 2'A,, (No. 20) are
7,-4po excitations, and the last 3'E;, (No. 21) is 7,-4pz.
Therefore, their second moments are so large, exceeding 400 au
and even close to 500 au. Among them, 2'A,, (No. 18) and 3'E,,
(No. 21) are symmetry-allowed states, which are calculated to be
8.141 and 8.193 eV, respectively. Their energy separation is as
small as 0.052 eV, and their oscillator strengths are small, as
calculated to be 0.018 and 0.000 au, respectively. On the other
hand, experimentally, there are two observed peaks at 7.95 eV°’
and 8.37 eV.>> We assign the peak observed at 7.95 €V to 4By,
(No. 17) as Whetten, Grubb et al.””*® did based on the two- and
four-photon absorption spectroscopy that observes states whose
symmetries are E,g, E,,, A}, and A,, symmetries. The observed
peak at 8.37 eV is assigned to state 3'E,, (No. 21) calculated at
8.193 eV. These assignments are the same as those made in our
previous SAC—CI study. We note that density difference maps
of present states No. 17 to No. 21 are very similar to
corresponding ones from 7, to Rydberg 3s, 3p orbitals shown
above already in Figure 3, namely between pairs, Nos. 17 and 4,
18 and 5,19 and 6,20 and 8, and 21 and 7. Therefore, though, all
density difference maps are given in Supplemental Figure S1, we
skip them in Figure 3 of this text, except for the last state, 3'Ey,
(No. 21), for which the force and difference density map is given
in Figure 3. The reasons are as follows. First, states1'E,, (No. 7)
and 2'E;, (No. 9) are, as we already examined above, very
important symmetry-allowed states observed in the UV
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spectra.’”"®" Second, the lower two states, 1'E,, (No. 7) and

2'E;, (No. 9), were both valence-Rydberg mixed states, as
shown in Table 1. Therefore, it is very interesting to study
whether the mixing between valence and Rydberg states occurs
in the 3'E,, (21) state. It is found from the present calculations
that the main configuration of the 3'E ,, (21) state is dominantly
7,-4p7, and the mixing with the valence is very slight. This is
supported by the large second moment of 465.8 au shown in
Table 1. This is also seen from the force and difference density
map of this state shown in Figure 3, which is similar to the maps
of llElg (4) m,-3s and 21E1g (10) 7,-3d85, both being typical
Rydberg transitions. From Table 3, we can check a similarity or
difference of the induced forces among this state against 7,-3s,
3p, No. 4—6, and 7,-4s, 4p, No. 17—21, and find that though for
71y-3s alone, the force acting on carbon is slightly smaller, others
are all around 0.021—0.023 au and similar. Anyway, these three
'E,, states, Nos. 7, 9, and 21 states, are all unique in singlet
excited states of benzene. In triplet states, the situation will be
different.

Then, three valence states, No. 22—No. 24, 3'A,,, 3'A,,, and
3'E,, follow. They lie very close to each other at 8.208, 8.271,
and 8.278 eV, only with a 0.07 eV width, and the latter two are so
close to each other. The first state, No. 22 3'A,,, is symmetry
allowed. These three states are new valence states arising by
excitations from occupied degenerate oy orbitals to outer
degenerate 7;* orbitals, both being valence orbitals. Therefore,
in Figure 3, two sets of maps of ¢ and 7 regions are shown for
these states. The ¢ region is on the benzene plane, and the 7
region is 1 au above the benzene plane. From Table 1, the
oscillator strength of the first symmetry-allowed state No. 22 is
0.006, a weak transition. The other two transitions, 3'A,, (No.
23) and 3'E,, (No. 24), are symmetry forbidden. The second
moments are all very small as valence states. In particular, the
second 3'A,, state is tight, 79.0, which is close to 78.4, the
ground-state value. In Figure 3, difference density maps of these
three states are shown. They are certainly typical valence types.
Looking at three ¢ maps of Nos. 22, 23, and 24, we notice that
they are very similar, almost the same. However, three maps on
the 7 plane are not the same, though similar. Theoretically
speaking, main configurations are all 63—7;*, but their detailed
SAC—CI coefhicients are different. Common to this result is a
decrease in the o region and an increase in the 7;* region. The
induced forces (Table 3) are similar and small, particularly on
carbon. In the last state 3'E,, No. 24, two degenerate states are
also similar, indicating that the extent of the Jahn—Teller
distortion would be small.

From Nos. 25 to 29, these five states are due to Rydberg
transitions from degenerate 7, orbitals to Rydberg 4d orbitals.
Because both 3d and 4d Rydberg orbitals are much outside of
the valence region, density difference maps around the valence
region are similar between those having the same symmetry
designation, as confirmed from Figure SI of the Supporting
Information, and so the difference density maps of No. 25 to No.
28 were omitted here. Their energy width is interesting: the first
four are very close and lie within the width of 0.089 eV, but the
last one, No. 29 ZIEZg, 7T,-4dr lies at 8.497 eV, 0.112 eV above
the state 21B2g. Further, among these five transitions, only this
state was assigned to the experimentally observed peak®*® at
8.44 eV. This state is actually the second state of the same
symmetry of the earlier important state 1'E,, (No. 14), which
was the Rydberg-valence mixed state observed at 7.80—7.81 eV,
as stated above. Because these five states are transitions to
Rydberg 4d orbitals, their second moments are as large as 437—
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489 au in comparison with those of 3d Rydberg transitions No.
10—No. 16 of 146—241 au. Among them, the second moment of
the No.29 21EZg state alone is small, implying some small
valence-state mixing. Actually, a small contribution of the
valence m;—m;* transition was confirmed from the SAC—CI
output, similar to the lower llE2g state studied above in some
details. For this reason, we showed the density difference maps
of this state as the last pair of figures of Figure 3. Actually, their
figures are certainly very close to those of the llE2g state studied
above: valence mixing is very small, induced forces acting on C
and H nuclei are similar, and Jahn—Teller distortion would not
occur. Though there are still many excited states higher until
below the first ionization level, 9.45 eV, the examination of the
singlet vertical excited states is stopped here because we added
Rydberg bases only up to the 4s, 4p, and 4d levels.

4.2, Triplet Excited States

Next, the triplet excited states of benzene are studied with the
present theory. In Table 1, results for triplet states are also
summarized in comparison with experimental data.®>®
Generally speaking, triplet states are difficult to observe because
they are forbidden by spin symmetry. However, for triplet
Rydberg excitations, we estimated experimental values from
corresponding singlet excitation values because for Rydberg
excitations, the singlet—triplet difference of the excitation energy
should be small. We also note the same similarity in density
difference maps for triplet states. Though full data of density
difference maps for 30 triplet states are given in Figure S2 of the
Supporting Information, the data in this paper shown in Figure 4
is limited only to the first three valence excited states, Nos. 1-3,
1°B,,, 1°E,,, and 1°B,,, and a higher valence excited state No. 11
13E2g,. Additionally, the data for 23Ezg and 3,3E2g states were also
given in Figure 4 for their importance. For others, triplet data are
similar to the corresponding singlet ones.

The first three states (No. 1-3), 1°B,,, I’E,, and 1°B,, are
my,—73* excited triplet states that are genuine valence states as
seen from their small second moments of 79—81 au. These three
triplet states were studied experimentally,"**® and their
excitation energies agree well with present theoretical values
to within 0.1 eV, as seen from Table 1. Among them, the 1°E,,
state is unique. In the triplet, its energy is 4.816 eV, while in the
singlet, it was 7.089 eV. This difference of 2.27 eV is partially
from the exchange integral between 7, and 7;* MO’s, which is
large between these valence MO’s. Because of this big energy
difference, triplet 1°E;, could be a pure valence state without
mixing of the Rydberg 2°E,, state, No. 8, lying at 7.132 V. In
Figure 4, density difference maps with forces are shown. The
map of the 1°By,, state is very similar to that of the 1'B,, state:
both are 7,—7;* state. The present two 1°E,, states (2—1 and
2—2) in Figure 4 are also similar to the 1'B,, state, both are again
the 7,—;* state. However, in comparison with the singlet 1'E,,
(7-1 and 7-2) states shown in Figure 3, maps of the
corresponding triplet 1°E,, states are quite different: singlet
ones are Rydberg-valence mixed states, but triplet ones are
uniquely pure valence 7,—;* type and so similar to the map of
the first 1°B,, state and more closely to the map of the singlet
1'B,, (2) of Figure 3. Also, maps of 1°B,, (3) and 1'B,, (3) are
similar, and both are valence states, but higher ones have smaller
spaces of positive density on the benzene ring region. For the
I’E,, (No. 2) state, two maps of the degenerate state are very
similar, and so the Jahn—Teller distortion will not occur. From
the force data, we expect that the C—C bond will be elongated
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Figure 4. Force and density difference maps for Nos. 1,2, 3, 11, 15, and 30 states of triplet excited states of benzene given in Table 1. Maps are on the
plane 1 au above the benzene plane.
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and the H—C bond will be shortened in all of these three valence
triplet excited states.

As seen from Table 1, from Nos. 4 to 16, most states are from
7, to 3s, 3p, and 3d Rydberg transitions, except for No. 11 state,
which is the valence 7;—m5* 13EZg state discussed later. These
Rydberg states have second moments from 126—241 au.
Excitation energies calculated by the present theory agree well
with experiments, supporting the reliability of the present
theory. Referring to Table 3, we see that forces acting on the C
nucleus are about +0.011 ~ + 0.026 au. The benzene ring will be
enlarged in all of the Rydberg states. Referring to Figure S2 or
those of Figure 3 with the same symmetry designations, density
difference maps for these Rydberg states are similar because the
Rydberg orbitals are much outside of the benzene ring, and what
is written in these maps is only for the region close to the
benzene ring, which should be similar for these states.

The No. 11 triplet state 13EZg mentioned above is special and
very interesting. It is the triplet counterpart of the 1'E,, state,
discussed in some detail in the singlet section. For the triplet
case, this state is the pure valence excited 7,—7m;* state, as seen
from its second moment of only 89.6 au, though this value is
slightly larger than that of the ground state, 78.4 au and the
values for lower excited states, 79.0—80.8 au. This shows a small
mixing of the Rydberg state. The present calculated excitation
energy 7.596 eV is close to and within its literature value 7.49 +
0.25 eV estimated by Lorentzon et al.>> From Table 3, the force
acting on carbon is remarkably large, 0.063—0.066 au, and
therefore, the benzene ring will be enlarged in this excited state.
On the other hand, the force acting on a proton is minus inward,
like in the first three valence states 1°B,, 1°E,,, and 1°B,,, and so
the C—H bond would be shortened in this excited state. We note
that its singlet counterpart, the llE2g state, was not a valence
state but mainly a Rydberg 7,-3d7 state, as discussed in the
singlet section. As shown in Figure 4, the density difference map
of this 13E2g state is a typical valence type, a transition from a
valence bonding C—C region to valence antibonding C—C
regions. Because two maps of degenerate states are slightly
different, a small Jahn—Teller distortion may occur in this
excited state.

Nos. 17 to 30 triplet states shown in Table 1 are mostly
Rydberg excited states produced by excitations from the 7,
orbital to Rydberg 4s, 4p, and 4d orbitals. Among them, three
pure valence oy—7;*excitations (Nos. 18—20) exist. We first
discuss the Rydberg excited states. Though we do not know the
experimental excitation energies, the calculated values are from
7.6 to 8.5 eV and are close to the experimental values estimated
from singlet excitations. The calculated second moments are
large from 417 to 487 au because they are excited Rydberg 4s,
4p, and 4d states. As seen from Table 3, forces acting on C nuclei
are around 0.02 au, which work to expand the benzene ring. The
forces acting on protons also elongate the C—H distance. In
Figure 4, density difference maps of 23E2g (No. 15) and 33’E2g
(No. 30) states are shown. Their maps are both pure Rydberg
type and similar to each other because the only difference is the
Rydberg 3dx and 4dr orbitals that are outside of the maps. We
showed these maps here because it is important to confirm that
these two states are Rydberg in nature.

Three states, 2°A,,, 2°E, , and 2°A,, (No. 18—20), are valence
states due to og—7;* transitions, and their second moments are
79.8,78.9, and 78.3 au, which are smaller than that of the triplet
13E2g state, 89.6 au. Forces acting on C and H nuclei shown in
Table 3 are both to elongate the bond distances, but their
magnitudes were small, predicting that the geometrical changes
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of these excited states should be very small. We note that density
difference maps for these valence excited states were very similar
to those of the corresponding singlet states shown in Figure 3.
Therefore, geometrical changes induced for these triplet states
should be similar to those already discussed previously for
singlet states.

Thus, the present FC or SSE(SAC—CI, ESF) theory gave the
results that reproduce well experimental data for triplet excited
states. Valence—Rydberg mixing was found to be smaller in
triplet excited states than in singlet excited states. This made the
nature of the triplet excited states simpler than that of the singlet
excited states. Among them, the second 1’E,, 7,—7y* excited
state at 4.816 eV and the 11th 13EZg 7, —m3* excited state at 7.596
eV were of special importance theoretically for their large
differences from those in singlet excited states. The energy levels
of these valence states in triplet states in contrast to those in
singlet states relative to the Rydberg 3s, 3p, and 3d states were
the key to big differences between singlet and triplet excited
states of benzene.

4.3. Comparative Discussions between Singlet and Triplet
Excited States of Benzene

After discussions on each of the singlet and triplet states are
finished, it is interesting to compare these two groups of excited
states. As is clear now, triplet excited states are much simpler
than singlet states. Let us consider why? First, energetically,
between two pairs of excitations from occupied orbital i to
unoccupied orbital g, triplet excited states are more stable than
singlet ones by twice the exchange integrals, 2K, which is
positive. When both MO’s i and a are valence, this exchange
integral is large, and therefore, triplet excited states are largely
more stable than the corresponding singlet ones. However,
when a is Rydberg, the exchange integral becomes essentially
zero, and so the singlet—triplet separation becomes very small.
These trends are seen clearly in Table 1. The first three triplet
states, 13B;,, 13E;,, and 1°B,, (No. 1—3) are all 7,—7y* excited
states that are genuine valence states from doubly degenerate m,
MO’s to doubly degenerate 7;* MO’s. Therefore, their energies,
3.86—5.69 eV of the triplet, are much lower than 5.08—6.41 ~
7.09 eV of the singlet. On the other hand, for 7,-3s, 3pc Rydberg
excitations, Nos. 4, 5, and 6 triplet excitation energies, 6.37, 6.88,
and 7.00 eV are close to those of singlet, 6.42, 6.95, and 7.02 eV.
Similarly, for 7,-4s, 4po Rydberg excitations, Nos. 17, 18, and 19
triplet excitation energies, 7.96, 8.12, and 8.16 eV are close to
those of singlet cases, 7.97, 8.14, and 8.16 eV, being closer than
7y-3s, 3po Rydberg cases as expected.

With this knowledge in mind, we want to study more about
the natures of E,, and E,, states of benzene. For valence states,
E,, is related to m,—m* excitations, and E,, is to m—73*
excitations: they are two key states among many excited states of
this molecule, and their differences between singlet and triplet
states seem to show important physics. First, let us consider the
E,, states. In triplets, whose energy is lower than singlets by 2K,
for valence states, the lowest three valence 7,—;* excited states,
1°B,,, 1°E,,, and 1°B,, are far below 6.37 eV, which is the first
Rydberg state, 7,-3s 13Elg state. Therefore, valence-Rydberg
mixing cannot occur. This is one origin of the simpleness of the
triplet excited state. The first three (or four, including
degeneracy) valence states could be free from the mixing of
Rydberg states. Then, separately above the valence 7,—7;* 1°B,,
excitation, the 7,-Rydberg 3s, 3p, 3d excitations continue until
the No. 10 13B2g state. Then, the 7;—m;* 13E2g transition is
calculated at 7.596 eV, which is close to and within its literature
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Figure S. Force and density difference maps for ionized states of benzene given in Table 1. Green, red, and blue lines mean zero, plus, and minus,
respectively. The map on the molecular plane is given marked as thes plane and the other map without a mark is on the plane 1 au above the benzene
plane.
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value of 7.49 + 0.25 eV estimated by Lorentzon et al.®> This
state is almost pure valence, as seen clearly from the second
moment value, 89.6 au of Table 1, and also from its difference
density map shown in Figure 4. This energy, 7.596 eV, is lower
than the comparable 7.822 eV of the singlet case. The author
does not yet clearly understand why this 7, —;* 13E2g state was
free from valence-Rydberg mixing. One possibility is the
difference of the excitation space between 7 and 6. Namely,
below and above this 7, —7;* 13E2g state, there are two 7,-3do
states with separations of 0.464 and 0.146 eV, respectively, from
the next 7,-3dr states, 2°E,, No. 8, and 13Alg No. 14 states.
Though in triplet, this No. 11 13’E2g state was a pure valence
state, two higher SEZg states at No. 15 and No. 30 states were
both pure Rydberg 7, — 3dz and 7, — 4dn states, respectively,
as seen from Table 1 and from their density difference maps
shown in Figure 4.

4.4. lonized States

For one-electron ionized states, the Koopmans model based on
the molecular orbital model is a first approximation of their
electronic states. In Table 1, next to state designations, we gave
theoretical values of ionization energies of benzene calculated
with the present theory compared with experimental values,
differences, A(IE) = theory — experiment, peak intensities in
ionization spectra calculated by the monopole approximation,
and second moments of ionized states. To see the change of the
electron density in the 7 or o region, depending on the nature of
the ionization, we gave in Figure S the density difference map for
either the 7 or o region caused by the ionization. The outermost
line shows the zero-density line. Thereby, induced forces acting
on carbon and hydrogen nuclei are also given.

The ordering of ionization energies (IEs) follows that of the
occupied molecular orbital energies. The IEs calculated with the
present theory agreed with experimental values to within 0.24
eV, except for the *E,,(63 — o0) state, which was previously
noted as “approximate”.”* All ionized states have similar second
moments close to the average value, 57.5 au, which is much
smaller than that of the ground state, 78.4 au. Because ionized
states have one excess positive charge on the nuclear framework,
it pulls all electron clouds toward the nuclear framework, and so
ionized states become slim, and second moments become
smaller than those of the neutral state. The intensity of the
ionization peak of each state is also close to the average value,
0.889.

The nature of each ionized state is understood from the
density difference map and induced forces shown in Figure S.
The first ionized state is from the degenerate 7, orbitals, and
density differences and induced forces are shown as 12Elg (1-1)
and (1-2) 7,_. Two maps of degenerate ionizations seem to
suggest different geometrical changes, and thus, this degenerate
ionization seems to cause a Jahn—Teller distortion. The second
ionized state, 1’E,, (2—1) and (2—2) o0y_c0, is from the
degenerate o orbital. Again, as seen from the interesting set of
maps, this degenerate ionization seems to cause a Jahn—Teller
distortion. Actual follow-ups of these Jahn—Teller distortions
are interesting. The next ionized state, 1°A,, (No. 3) is the
nondegenerate ionization from the lowest 7, bonding orbital. It
causes an elongation of the C—C bond. The next degenerate
1I’E;, (No. 4) ionization is as large as 14.347 eV. It is the
ionization from the degenerate ¢, orbital and would cause Jahn—
Teller distortion of the C—C and C—H bonds. Thus, all
degenerate ionizations of benzene seem to cause Jahn—Teller
distortions. The next three ionizations (Nos. 5, 6, and 7) are all
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from o-type deep orbitals, and their ionization energies were
14.780, 15.761, and 17.284 eV. From their difference density
maps, these three ionizations are roughly from C—C, C—H, and
all regions, respectively. These high-energy ionizations must
cause big changes in the bonding and, therefore, big structural
changes of the benzene molecule. The maps presented here
show only the initial stage. Further detailed examinations are
very interesting.

5. CONCLUDING REMARKS

In this paper, a new highly accurate and general quantum
chemical theory, called the FC(SAC—CI, ESF) or SSE(SAC—
Cl, ESF) theory, has been developed for studying ground,
excited, and ionized states of molecules using energy and force
concepts. The FC or SSE theory for solving the scaled
Schrédinger equation™ is an exact theory that can elevate
not only molecular wave functions but also their theories
themselves from some initial levels to the truly exact level. Here,
this theory has been applied, within the level of integral theories
not including g;-functions, to the SAC—CI theory for molecular
ground and excited states,'*>**°~" using basis sets that satisfy
the Hellmann—Feynman electrostatic force theorem,**™*’
which guarantees the use of pictorial and intuitive force
concepts developed by this author.””~*® With this FC(SAC—
CI, ESF) formalism, the SAC/SAC—CI method'®'” that
satisfies the Hellmann—Feynman theorem has been elevated
to a highly accurate level, as seen from the last diagram of Figure
1 obtained by applications to the benzene molecule. This
enables the use of not only energetic concepts but also intuitive
ESF concepts together with dynamic electron density concepts
for molecular geometries and chemical reactions.””~* This
theory was used to study what happens to benzene’s structure
after excitations and ionizations. Nondegenerate Ag, Au, Bg, and
Bu states may keep their high symmetry, but degenerate Eg and
Eu states may even break their structure of high symmetry
toward lower symmetries. Density difference maps and force
vectors acting on nuclei in degenerate states could predict such
possible structural changes.

The energy concept is useful to understand the energy levels
and stabilities of various excited and ionized states, and the force
and density concepts are useful for predicting the direction of
the geometrical change in each vertical excited and ionized state.
Indeed, induced forces and density difference maps we used in
this paper for predicting geometrical changes that occur at
vertical excited and ionized states are not the energy concept but
the force concept. Energy is only a single scalar quantity, but
density reorganization caused by excitation and ionization is
pictorial three-dimensional information, and the force acting on
each nucleus of the system is a three-dimensional vector that
leads to predictions of phenomena that occur after excitations
and ionizations. The present theory is designed to be able to use
both energies and forces, two basic quantities, for studying many
different chemistries of singlet and triplet excited states and
ionized states. Here, this theory has been applied to a benzene
molecule.

Among 28 lower singlet vertical excited states below 8.5 eV
studied here, only the first two 7,—7;* transitions and another
three og—n;* transitions at 8.21—8.28 eV, altogether five states,
were valence states. Other states were mixed valence-Rydberg or
pure Rydberg states. Among 30 lower triplet vertical excited
states below 8.5 eV, the first three 77,—7;* states, 1°E,, (No. 11)
m—7m3* at 7.596 eV, and three o3—7;* excited states at 8.00—
8.04 eV, altogether seven states were valence states. Altogether,
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among 58 lower excited states below 8.5 eV of benzene, 12 states
were valence states, and other states were Rydberg-mixed or
pure Rydberg states. It is interesting to study higher excited
states, particularly the valence-nature singlet 7;—m;* excited
state of 1EZg symmetry, because experimentally Yoshihara et al.
reported it to be at 9.4 eV in solution.’ In the present study, we
included Rydberg orbitals of only up to 4s, 4p, and 4d states,
which limited the present study to be below 8.5 eV. We plan to
study higher than 8.5 eV excited states of benzene in the near
future.

Important similarities and differences were found between the
singlet and triplet states of benzene. For valence states, excitation
energies were much different between singlets and triplets of the
same space symmetry, though the density difference maps were
similar. For Rydberg states, on the other hand, both excitation
energies and density difference maps were similar in the
molecular region when their symmetries were the same. A key to
this large difference lies in the difference in exchange repulsion
integrals between valence and Rydberg excitations: these
integrals are large for valence excitations but negligibly small
for Rydberg excitations. Due to this and many other important
factors, the total stories of excited and ionized states of the
benzene molecule were described here highly accurately by the
scaled Schrodinger equation theory or the FC theory combined
with the SAC/SAC—CI and ESF theories.
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